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Bob & Carol [T —F (ZL< 118 ! )%E’D’C%T‘
DANIZHZFICTEZ 0D EDN, 2AZB7D 5N
*E_—J:U/J\él,\tﬁ'/ﬁ’&nb\ ('f/wf)\l 73%
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ﬂi K - The cake 1s divisible: it can be cut at any point without destroying its value.
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You Cut, I Choose ! (One divides, the other chooses.)
» BoblZH—FZVot, Caroll2r—FZEIETHED

=1L, ChIFCDOREDI#E 1 TIFALTZILT) X L] !
(Bobl2TED KDY HENDIBEILLLY. BoblIE T DEETYS)
(CarollZED EIITLEIXEAMNDIREITZLY. CarollF B DEETES)

ARl ..

* Bob divides the cake into two pieces, between which
he 1s indifferent; and Carol chooses what she

considers to be the larger piece. (from “Fair Division”, p.9)

7\
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(2 | A > TIZLLV DS

* pr oportionality (An allocation is proportional.)

* Each thinks he or she received a portion that has size or
value of at least 1/n.

. envy-freeness (An allocation 1s envy-free.)

* Every player thinks he or she receives a portion that is at
least tied for largest, or tied for most valuable and, hence,
does not envy any other player.

[ TLAN—I2 ADSEIFXZD2 D DR S [ J / \
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@nhaus, 1948 ]

The Steinhaus’ lone-divider procedure (3 players)
1. Bob W7 —F 30BN T H KIS wussamcnscszs
2-1. Carol HY acceptable cake EZF DI TEWLNED T 15T
2-2. Ted % Carol ERFRD T EZIT.

(Carol®Tedd, D7E<EH1DIE acceptable THHZEITFE)
3. casel: Carol(or Ted) H32{f LA _Eacceptable cake W& DimE
Ted—Carol—Bob (or Carol—Ted—Bob) DEIZ7r—FZEN 5

case2: Carol, Ted&$ acceptable cake MEH X 1{EDIHE

Carol, Ted&¥ acceptable TIELNVT—F% Bob IZHITT, BYD
7—F 2DV T2 A Tldivide-and-choose] 21T 2.

def.) call a piece acceptable to a player
if he or she thinks the piece is at least 1/3 of the cake.
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The Steinhaus’ loan-divider procedure (3 playes)

» proportional division ZREET HE T LAV —DEHEE
e BoblEdb&DE1/3(EBobAIED) piece IZH] %
e Carol, Ted [& acceptable cake ZHX%

o free TIFEELD
o casel: Bob, Ted IXEHEEMRFELLLNDY, Carol (& Ted ZRT AIBEMEDL B

5. (TedhY, EMEZ D acceptable cake D RKREWVVAZESHAIEEE
MHHDT)

e case2:Carol, Ted [FEEELIRFELLLVAY, Bob & Carol H Ted DLVT 1
MR AIREMED S, (Carol & Ted D [divide-and-choose] D&
EH Bob M5R T 50-50 [CBZEWNES, 2ADL T ADIY 3L
L (EBobMES) cake Z1FH D T)
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H.W,. Kuhn, 1967 ]

Kuhn A The Steinhaus’ loan-divider procedure (3 playes) Z n A
i | <3k

* Frobenius & Konig 0) combinatorial theorem [ZEDTILTYX L)
o 4 ANRRIE Steinhaus HERDULNTULV=5LLY

S. Banach-B. Knaster, mid-1940 ]
The Banach-Knaster last-diminisher procedure

e Steinhaus HY 19484F 22N (24, R—S RN DT AT 7 ZHm XD TH

7\
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[ S. Banach-B. Knaster, mid-1940 ]

The Banach-Knaster last-diminisher procedure
* 'The partners being ranged A,B,C,...,N.

* A cuts from the cake an arbitrary part.

* B has now the right, but 1s not obliged, to diminish the slice cut off.

e Whatever he does, C has the right (without obligation) to diminish still
the already diminished (or not diminished) slice,

e and so on up to N.

* 'The rule obliges the "‘last-diminisher” to take as his part the slice he was
the last to touch. This partner thus disposed of , the remaining n-1
persons start the same game with the remainder of the cake.

* After the number of participants has been reduced to two, they apply the
classical [divide-and-choose] rule for halving the remainder.
(from ""Fair Division”, p.35 [Steinhaus’ description 4948 p\.%)Z])
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The last-dimisher procedure

* proportional division ZREET & T L 1V —DEES
« YIBTLANV—DBLIE1/néPE X Bpicce [THDHT E

e envy-free TIX/ELY

- Bl IR T—LEEITIRITIEILANY—AD, HEHERFETY]
LN T —F M1 /n kY REWVN(EADES) EETHLENZHLT
S7EL FEREL T/ kY REZFVLV T —FDEED (BIZIEB) 1297<
(EADED) DT, AIFBZIRT.

7\
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7 — LK eame situations

« BHOERRE

FERTLAVY—) O FEL, F<ENT

L, TOERBZHELTHAEIZKELHOTLDRER

/7 —LIEEH came theory

« F—LHIRREHEBEETILZAVNTERIEL, LA
Y—RADFEDT L LB PES T BER

J. von Neumann & O. Morgenstern
7 — LR ERFITEI(1944)

200411 A98 () G DE

‘ John von Neumanl/(190}-1957)
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JLIYv—D&EE
L4 — player N={1,2, ..., n}
-« BERARTEL, TBNI SR A, 3A, ..., nA, ..., ©)
- BN, EEHOEANIGRLELE, B5w, BEXR, ...
TJLANY— DHEIRES
iﬁﬂ% strategy Si={Sit> Sig> --+> Simy (IEN)
o TJLAY—1LEYS51TE). (BIR, #&R)

lm2

JLAY—; DF|FREE
¥ FEFFRERN pavoff f:5,XS,...xS, >R (iEN)
« BITLAN—DEIGRTER, 7—LITETL, FHRMNHD. HHRIC
T HETLAY—DAoNDFHIEME. FI%F payoff, A udility.
F—LDESE
[G — (N ) {Si }ieN ) { fi }ieN )J

ETLAY—IZEEORERALEREL, 7\
GlZeTOITLANVY—DEFEMHET S




J— LI & e H ?
JT—LDRER

« BB extensive form -

. S ) O
Spy| | (14
S8 ] (2-6)
SE) (@
A B

®
imz

RES 2 strategic form, 222 normal form

SB
Sy, | 4 6

2

7\
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ERDT—LEBNT—L

sl = S 1) e

« HETLAV—DEREREICETHHTR

1. TLAV—RIZIE, ETLAN—DEBRRZTHRLIZDULY
T, Bl I DOHLEYRDIEFELLLY.

HRMAEEDRILLAEN

FHFNT —L

2. ETDTLAV—FEIZ, LEHRZHEBIZDONTOEE
MRYILE, ZNITEDVNTHRRET S.

HIR S E DAL

AT —L

7\
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B EREIEFA—)LERFRD24IEA BADH [EXFRETE

s FHMBODIHH-YEREREFIARAAEIL, A=600A, B=300A
« MIEEMNARDMIBICHIET SHE, RIAARZTETERTED
e MIESHMNRICHIBEICHIET 5L, RFITRNEI—ILD2UMEDEEES
e EIFFICES LM HECW T HE (A IESH IE A 1R (EAE0Y)

B A 3—)LIEEELIC

HE T3 —12014(v53,010)p.9 JEDFER

]

HIETAREN? Fr=-FnlEsah ?

FHENAS | Athig | Bihis
AMisE | (200,400) | (600,300)
. Bihiz | (300,600) | (100,200)
c RXLIVEE(EBMERRERESE) o AEAHEEES

o YXIIVIVAREE(EBMERRERE) - AMBIANHIEE X
o TTSRELEE (FEHY{E)
o T—LERICLLBE

— At~ EE &
- Bimi;z«ujrz/ot \

NMADERREIEEBODEBRREEROHEEERATHLT —LITIEBNEGS !
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Examplel :
e 2NDTLANY—AEZEBIANTOMUHDHESY—L] N={1,2}

#LTWL%
o TLAVY—RRERICOIVDRMELZREED S={si, Sy}, (IEN)

e 2NDTLAVY—DORE-EIARBILELAEZDEHS, S,={%.E}, S,—{% &
B BHELBIADES & &8 S={% &

« REHLTHF-0HFMI2HEN, EFHLT f.:S,XS,—R, (IEN)

Bot-ofHFMOIFHED

L& ®)=2 + (R K)=-2 =0

fl(i,%)z 1 +f2(§§ %)_1 _O

LE&E R =2+ hHE& %) 2 =

AE DF|1FER BSADHEFE ff(E F)=1 + (&K F)=-1 =
ANB| R | E [[ANB| & | &
% -2 1 % 2 _1
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Example2:

o ABEBSANT—LELTWS. TNEN3DT DOEEEMNAHY, AZDFIE
RIFLUTOBEYTHAD. 2ANIE, BREALGHEBEZEAREN?

AX\B SB,4 Sp,, SB.,
S -2 4 -1
SA, 2 2
v | 4 3 0

7\
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“XYIAIRE minimax principle
ExampleZ—Cj LAY—ADRE
+ Bils, FEOEETOREBEODEE
min(-2, 4, -1) = -2 (TLA V¥ —BH Eilgs, ZH5)
+ Hiliks, FEO-LETOREBEOEBE
min2,2,1) =1 (FLAY—BLEilgs, ZHD)
* Hilis, FEO-LETOREBEDBEE
min(4, -3, 0) = -3 (TL AV —BHL\Eilgs; ZH5)

BRAXIETLAYV—

)| Hils, #05 (RETHHBINRISND)

7\
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ANB | s, SB, S,
2N HBNS — L SRR
sy, | 4 3 0

—_—

SOV OREAIE minimax principle
. ExampleZ—Cj LANXY—ADBDIIIETHA

h\ﬁkmﬂsm’i—ﬁyotté& ATH DB 7 [LHEs  ZH5
max(-2, 2, 4) =

h\ﬁkmﬂsBzz—Hyof—t% ATHLBER S BEEs, MWD
max(4, 2, -3) =

Bb‘EﬁH’lSB;EHYOT'&% ATHDE T ITEHEs, D
max(-1,1,0) = 1

) EilMgs, £5 (BETHEKITHD)

AIZEAEES \ ZBAHLEE, BIRIER/LMN, \
LS OBIEE RS ER B LITISHS.
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SVIYIRR

{REEIKZE security level

* Example2: ‘
V S, =
ANB | s S S min |max| YT¥3~iB
\ B1 B2 B3 / maximin value
S -2 4 -1 -2
Al / V = max mlIl aj
J
G| 2 [2 [ 1]
S A -3 0 -3
sfil;t:ﬁfd > max | 4 4 TELIUEE
Y . maximin principle
M1 1 (BAIETLA Y —DFTEEE)

S=IvHR(E /

minimax value

V, = minmax a;

J [

SV VORIRE
minimax principle

(R/MET LAY —DITENRIE]



ZAQFTJ?JjJ%*DbS_A say, | 2 4 e

ié]&].}#\tb-_lkd)ﬁﬁ SAs 4 3 0

c DNDTLAN—MNELIZSZTVvIRBEREIZEDLNTH
9oL, E2GRDDM?

— g — — A=A bt% LA
ZA#\L.W’J@MMM1¥&L\! | 27200 \ ‘ Ny \
RIS DEKRTOHEEIZHI=E p
min max @; = max ming; =1 -~

i ]

2ANFT—LH
[BZBIZRESNDS strictly determined |
(2R R TH S

(sp, * Sp, *) 7 —LOIE R equilibrium point

7\



e 1
TLAV—ADFBZIENUTDRTEZONDT —LEEZD.
TLANY—A, BANEFENEFNIZIYIRRBICE DUV TEBR R
ExddHE, T—LDREIEXESGESEMN? (1), 2Q)FNENIhD
F—LIZDNWTEZE

(1) (2)

ANB| sg, | sg, | Sp, ANB| sg, | sp, | Sp,
Sy, | 3 1 sy | 5| 6 | 4
N ERERE s, | 1| 8
S A 5 3 S A 7 2
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R e R &R B B R
* Example3:

« ABEBIADNT —LFLTLNS. TNEN3IDT DDERERAHY, AZD
FIBRIFLUTORYTHS. 2N, EREALGEIEELBREM?

AX\B SB,4 Sp,, SB.,
S -4 2 0
SA, 4 3
S A 1 -3 2

7\
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* Example3:
ANB | sy | sp, |(sp, | min | max
S -4 2 0 -4
Csa)| 4 [ 3| 1| 1|1
SAq 1 -3 % -3 T UIUEREE
max | 4 3 2 1 =V, = max min
I j
min 2 . .
2 =V, = min max a;

J
TZIYO RERR

STV AYERmNFELGN ! 2

7\
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*| Propositionl
HMFITIA=[a N5 R otk LLTARYILD

max min &; < minmax a;
| J J |

T—LITBIZEBITRESNSEILE L !

v

LWNESIEE I E A NTFEEL,
T—LDEZ(CHETERI THLIN ?

7\
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G

PrERlS &

22 1 saddle point

~
/

2

NE A \\Iﬁm%

kE A

maximin player

FAMNY \

— &

o I
o
-~
-~
-

ey
. i
-

minimax player

- — - DA
 FFIA-[aIBVT AEED |, | [SHL.
Aj, S35, S By
MRYILDEE, Gy, ) ECDITFIDBEENL, o, F8E
REEWNS. a, <a .
_an d;;, a
=13;1=la | o a, , [[Biodo =
T N
aml amj0 amn
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 Theoreml
s (1T —LHWBBIZHEEN THAT-ODVE+ 7S
Hi, ZDORNFITHAIZDELELI DDA NFET S
& FINDET, A Biia

=

« BBEELIR optimal strategy
- WA, j*) [FERGDT, TLAV—ADEE i* 2 F
W5&, TLAV—BNNDREEEEZE Lo TH K ED
V(A) Z13DEMTE, Ffz, BHEEE j* ZEAHRY, AlX
BEZRA THLRRERMSE S LFTERL.

— BERE % ASA O B TE R RS
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LA RS &R B B

e Theorem?2

« REZICHEEMLZNT —LIZEWT, WE AN EHH
558, FHEADIEIXFLL. £, (%)), (), j,) A
W s, (i* ), (i J*)’bi’J@I'E’C&’J%’o

W ©

@
Y /

o) a7 R (3 H AT AE
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* Example3: | |

AX\B svBl s;2 sl;
1 Saq -4 2 0
—p Sa, 4 3 1
—b Sa, 1 -3 2

L2 FRIEA e !
RETE T SHlE A n7E0 !

U

= GRHITEHE,
BB OREE

HfF2h AR




2ANIEB AT/ — L
FIFLERER &R & HRRE q;>0,(j=1,23)
* Example3: @ Y2 )ls q,+0d,+0; =1
Cop | G | G
| Gy | AR/
P20.0=L23 1o, LN 4| [[3 /] 1
P+ P, +p;=1
iy \mVESE

/ NV

i 5 L
mixed strategy pure strategy

7\



Q; d, Qs
o | | |
2NIEWMASZINT —L ANB | se | oo | sy
Wil ~ Wl P —> SAq -4 2 0
RO 5 2 B S RN
* BExample3: Ps — 12 5as 1 3 2

o player AMEATFRIA (player A = ZAFFHN A= K4 7L A4 — = maximin player)

N

E,(p, Sg ) =—4p, +4p,+ Py <« player B AEEEs, DR OHAFFA
E,(P,Sg,)= 2P, +3p, —3p; <« player B HIEEEs, DB DEAFRI A
E,(p,Ss,) = P, +2pP; <« player B A\ EREEs, DEDEARFRIA

e player BOEAFFIE R (player B = HAFFiB R &w/INMET L 14— = minimax player)

rEz (SA1 ,q) =—4q, +20q,

<« player A ﬁﬁﬁjﬁﬁSM@ﬁd),ﬁﬂ‘If#iﬁi
E,(Sn,0)= 40,+30,+Q; < player A A3EKHRs, OEr OHFHAR
E,(S,,0)= 0, —30,+20; <« player A HEMEs, DR OEFFERX

2 A, BN S QB EEEE (p1.poDy)s (1,900 P ES

{El( p.q) = E(P,Sg )0, +E(P, S5, )0 A E(1, S5 )0

E,(p,q) = E(SAlaq) P+ E(SAzﬂq) P, + E(SA39q) P;
E(p,q)=E(p,a)=E,(p,a)




2ANIEMM AT/ —L

B R ) Z B2 domination of strategies
TJLAY—i DEEE h kIZTDULVT,
ERES h AVERRE K 2 X BT S &,

Bl D 32 B EEDS. €S ITXLT
* BExample3: f.(s.,h)> f.(s_,k)
WREEE s, | 4 | 2 | 0 =1l
1 5 ] )< xmIs e,
2md oAy dominate | o) mais, mmams:
S 1 _3 2 fBrELGL— HEMDIER
= BEERRREORE
JL IR ERSHDEME L ALV
T
ANB/| sy, | sp, | S, ANB| sg, | sg,
SA, 4 » 3 1 =>| Sa, 3 1
S A 1 » -3 2 Sas | D | 2.
7\

AR BB REDREBICRAHE R NFE
— T —LIEFZEA[f# dominance solvable



2ANFEHANFNT —L ANB ['sy, [ 5,

Bx 8 ke B B A P3| sa, | 3 2

* BExample3:
e player A = B AT KIET L A — = maximin player
{E( 0,(L0))=6p, —3 <« player B HVEiREs, DEFD AR
E(p,(0,1))=- P, +2 player B ﬁfﬁimﬁs%@ Fr D HAFFRI A
* player B = HifFIBR&/IMET L 1Y — = minimax player
{E((l,O),q) =20, +1 < player A DV ElEs, DEFDHAFR K
E0,]),q9)=-50,+2 player A b§$£H§SA30) B DEAFFIE R

—z | &
AD B M=V | BOSEEE
p*=(0,5/7,2/7) | | -;----917-----_-T | gr=(o.vm.6m)

I 5/7 i1 P, 017 \1 > 0, v\
L 0.0 SR |




E(p,g)= E(p’SBZ)% + E(p’SBS)%
=(3p2_3p3)q2+(p2+2p3)%
- (3 P, _3(1_ pz))Qz +(p2 +2(1_ pz))(l_qz)
_( I 3 1 d, - E.(p.q)
=(p, 1-p,) I_q, )= E:(Pa

2 AR AF

o BEE S g

* HExampl
L

e3
T

, \




2ANIER TR —

. SA, 3 1

‘E Wil p S -3 2
B 18 ;e = B AR L
* BExample3:
| 2
A
0 B
- r A
\ =2
playerB — i
minimax 10/725 0.5 0.75
player B

- player
maximin player

éz
" =
70
-2
‘0_5‘ | 0.75 0@?51
player A SIT player B

7\



ZA;FTﬁjJ%*DbS—A ; A\\B Sg, | Sp;
2| s, 3 1
EEEIEOEL Pl sy | 3| 2

. prg* DHEEDLEDHT, BILTOFAMIZRT S
FEM, A EBMARE A RO ?

AD B EEEE p*=(0, 5/7, 2/7) B & #E BB q*=( 0, 1/7, 6/7)

* player A [X S, 175 3, S, /55 2 MEFLLAY,
p0; + P30, =32/49 DHEETEELIAVERITHD.

LE-oF:!
LAWL, ChIFERM @

e CHIOIHIKRREETEEICANT-L T, REEEIAR
Ens-! v\




S 2

TLAN—ADFBERMDPLUTDRTEZAONBDT —LEEZS.
TLANV—A, BB ENETNEAFIRAREB(CE DN TERRRE
9 DHE H—LDRIZESILTBMN?

) TANE Sg, | S, (2) TANGB Sg, | S,
S 4 -2 S 3 1
Sa, | "D 3 Sy, | 1 5
(3) (4)
ANB/| sg, | sg, | S, | Sg, ANB| sg | s, | Sp,
S 511 13| 4 S 31 2 | 4
SA, 4 | 2 | 3 S, |k | 3 |\
Sa, | 2| 3] 1 Sa | 2| T2
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STIVIOATEH

o TLAY—A, BOFIFELRS
Sp=18, [1=1,-

« TLAV—ADF|E

a, a., -

[ m

m

1751 (BOD:
a11 A,
Ay Ay e

a

In

a‘2n

a

mn _|

» TLAYV—A, BOEEHEES

p=(p,
p, +-+ P, =1
’ pm 209

{
!

plﬂ.”

q:(qu...
g +-+0, =1

ql:”‘aqn >0

, Pry)

,d,)

%S

HS

Ai

m} S :{SB |j:19'“9n}

85%1T75)

F 1SR
E(p,q)=p' Aq= ZZai,- p,q;

i=1 j=I

4

=(0,---,1,---,0)

T Qb
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STIVIORTEHE

« LAY —ADRIEKE
min E(p,q) —— Vv, =maxmin E(p,q)
q g

pZiR{ELT SN

« TL AV —BDRIEKE |
max E(p,q) ——> V» =Minmax E(p,q)
p

q Z#RMELTHFESSE/ND

*| Proposition2

max min E(p,q) < minmax E(p,q)
p v g P

7\
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E:_‘Z“JOXJ:I—EE @eumamn, 1928 J

e Theorem3

max min E(p,q) =minmax E(p,Q)
P 0 g p

Tz, SNERILSEDHBEDOHM (p*, g*) W R LY,
BERICETERF VA Z7 —LDEENS.

V(A):=p* Ag*= Zzaij pi*q>; B EIZHEITS J

i—] -1 B B Y B i R B

* Theorem4
HRRR D AR (p*, g*) NE A THA-HODME+ 7 FHL,
(p*, q*) HEEEK E(p, ) DE R THAH_ L. Blb,

MRLILT BT L. | Biq0r, Adp T 0O8FBER N\
ADP*DEE, BlXo*IZF BN A IELFR /N
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SV RATEE
° Theoremb
VA) N7 —LDE, (p*, q*) N YBE R THLI-HDIE
+ 0 &I
Vi, ), E(s,.9%) < E(p*,q*) <E(p*sg )
N oAV S I R

VI — 19'”9m: Zaqu S E(p*aq*)
J=1

\ 4
VJ :19'”9”9 E(p*aq*)gzalj pl>l<
h 7\
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STIYIORTER

* Example4

LL]

90 9% 93 Qs Og
ANB| sg. | sg, | Sp, | Sg, | Sp-

pl SA1 —2 —1 < 2 3

LA
7\

p2 SAZ \51 %/ < f‘-l —\1 =+ J

sv. | 41|32 .
E(p,Sg )=-2p, +5p, ==7p, +5 P! 0
Fine \———nNn 19N —_2An 19 &
E(paSB3):2p1+4p2:_2p1+4 4 3

%

E(p,SB4)=3p1—p2=4p1—1 p*=(=,-,0)
Finec Y\—12n 77

—\M>9B, /) — I M 7
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STV RAERE
* Example5: —BED2 X 24— L

4 49
AN : : BRNFAEINEZTAIYER.
>By | 5B > BUAE REBEEERIN,
o < 9 3 CDEE, 9 E(pSg,) € E(p.Ss,) K
Y S, 1 12 U E(Sa.0) & E(50,,0) IR mEHFD.

Pl sy, | @y | Ap

JE( pasBl) =a, P+, P,

3kt ] _
4 —a 1 _a >E(p95|32)—a12p1+azzp2
(p19p2):( 22 ) H— ) E(SA q):au%"'alzqz
a11_a21+a22_a12 a11_a21+a22_a12 9 E S ! —a a
\ (Azq)_ 214G T80,
% a,, —a a. —a
(Ch , qz) _ ( 22 12 : 11 21 j
a,—a,+a,—a, a,—a,+a,—a, / \

4




EE 3

TLAN—ADFBERMDPLUTDRTEZAONBDT —LEEZS.
TLANV—A, BB ENETNEAFIRAREB(CE DN TERRRE
9 DHE H—LDRIZESILTBMN?

) TANE Sg, | S, (2) [ANGB Sg; | S,
S 4 -2 S 3 1
Sa, | 3 3 S, | -1 5
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AX\B %ﬁp & &) min | max

o2 a7

D20 | 4| 2] 2

&) 7 | 4| 0| 4 TFL I
max | 7/ 2 4 —2 =V, = max min a;
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min 2 X |
2 =V, = min max a;
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