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R sTEIERE LT ?

« R ETEIRIRE(Linear Programming Problem)

— BEAR)FLX-FERARTHONDINAGEFHEDLET, 8
1k O BE#ZzmEX -&=/IMET SR D xiE kL [ERE

min. 2x1 + X9 + 2x3 + X4 + 3x5 H BIBS%K objective function

st. ¢ x+2x3+x5=5

9x1+2x2 +X4+4XS>1

X, + 5X3 + Xc > 3 '< H%95& 4 constraints

X1,X2,X3,X4, X5 =0 JE& K nonnegativity

o RIETEIRIEZH -6 D FE11F % algorithm

— Bi{Kj%X  simplex method, G.B.Dantzig(1947)
— WEE  interior point method, N.Karmarkar (1984)

— (¥8M{Ki% ellipsoid method, Yudin, A.S.Nemirovskii(1976), Khachiyan(1979))



%ﬁﬁ??r F'nEJ B&Y) )L/N—THEL

9x1 +2x, + x4 + 4x5 > 1 < #4944 constraints
: X, + 5x3 + x5 =3 :
Xy + 3X3 + x5 = 2 :
X1,X9,X3, X4, X5 =0 JE & &4 nonnegativity

e LP7AMIVERIZT A (THFARITAE2TEL)

mmlmlzez X4 6, 42x+ X431 < B B9B8 %4 objective function
subject to
x; + 2 x; + x5 >=5 < Hll #9514 constraints
Ox;+2x, + x,+ 4x;>=1
X, +5x; +  x; >=3 XIEEFKHFITEMGLY
X; + 3 x; + x5 >=2
end

> T71ILATOOO.IpITHRE XHIE-EH-BEORIZLTIEHRR—RINDE



R ETEIREZ Y )L/ \—THE<
o KL=V IL/N\—E\EHERA-BEFEEA)])

e gurobi (Zonghao Gu, Edward Rothberg, Robert Bixby)
cplex (IBM ILOG CPLEX)

e Xpress (FICO, MSI)

* SCIP (ZIB, Solving Constraint Integer Programs)

* |p solve

e GLPK (Gnu Linear Programming Kit)

* Excel solver (Microsoft)

* etc.

— Excel solver LS S Ip T 7 A )L Z 5+ 3A A TaxaE L ]



Rz ET B R REZ Y )L/ \—THE<
. H

> . KI7AIWAIFFBEHKIZL, IhigF(EXIp&TH
> rlp77/{)lxj7&1’|5& ﬁﬁ_d—é KTHFRARITARATRERIC, J7/ILDIEEZE
[T RTDOT7AIL(**) 12T B
51 774 L4 Texample.lp]

XKIT7AILE D example.lptxtl&EE>TLEST=L,
T7AINBDEER T ixt |1 ZHIFRT S

Tk

>lavw ok JOoVJhZREd 5
v windows: ¥R & Tlcmd [Enter] ]

> Np 774 IILIDMRTFESN TS THILIABET S
v' Y:¥> cd xxx (% cd = change directory)

DI THRTAO—Z1TlpIZ7AILIDMRITFESN TS TAHILE FFR KL,
TFELAMNEMTWSIBEDIH LT REE I )V
> [PRLRZTHFARELTIE—1ZES
2)[a< kA TR Tled 1EEWV=RED) YIS BRUTITS [Enter]



R ETE G REZ Y )L/ \—THE<

» gurobi CexE L (#%<)

Y:¥xxx> gurobi [Enter] < [gurobi |3 F Tgurobi ##EENT %
- BN JvF JO0 T
LPD7A LA

ve She Wi erzion 0.6.3
3: I.'ur I:| I||:+|r| +| on, Inc.

gurobi> m=read(”xxx.|p”)\ |

1L (<)
gurobi> m.optimize()

RN KT
gurobi> m.printAttr(’X’)/

fREI7AILIRTE

gurobi> m.write(“xxx.sol”)



Rz aT EIfEREZ Y )L/ \—THE<

J=M .
) Cplex—c:ﬁilﬁ'ﬂs (ﬁtF(f/ [cplex]aA< K Teplex ZREENT S
Y:¥xxx> cplex [Enter]* [azrom

LPT7 A L&A
CPLEX> read xxx.lp
R D TR
CPLEX> d pa FL d —_— = display problem all

@t (<)

20| umns

B.111111 11 1 1e+000

fEDRR
CPLEX> d SOV — 1 i F+ -::I 2 :: ki rat ions = 1 '_”'.
\ . '”' _ L LGS W0 EIERESS
B I71IVIRTF FRashe S T

CPLEX> write xxx.sol/7

'|splay lution variables

anze 1-5 are 0.




Al [ R

F':ﬁ)jC%ZEHI( [X3TIH(HE-BA-HOR)HY, Bz (B A
HES)TED
BRIFISANWT, FEERZALLVE)AHS
3THEMLSADBEEEINENADEMAH-YEEIRXMNITDAEY
AR /NG AHEIEETEZT-T&X

v ILigh BN REIEA

458 T12(K)
BT B0 I A BEE DR R

BE 50 80 60 70 40
.
120 #mEmGs) 3 2 4
‘ 130 #sK 5 6 5
7 3 1

70 TEDE(H)

v THORBE
v BENFEE

N W W
“w N S



BRI T IEBA
o ¥RAZETIEE Linear Programming, LP
- BIBEDETILIE

— HBEY: $@5§:ZI‘€EE§/J\ < H BIE8 %X objective function

— Rﬁ:l : Eﬁgo)%ﬁ%g% /ﬁf:ﬁ— < 414495544 constraints

- FH2. IHEOHAE=IIEHREET
— FEH3-tmxE=EXIERa JE & 544 nonnegativity

. FEFpEL
2 BEABR I == 50 80 60 70 40

x; » Tigi BRI~ D% S it 4

ex) xgy =30 MBI TIZS)AD 120 HME©S) 3 2 4
BB MZ308ET S 130 BMAK 5 6 5
FOHEHEIRR: 2 X30=60

e 70 HEOEH) 7 3 1

N W W
w N Ce



%ﬁﬂZE-l-Eif {44 = 50 80 60 70 40

120 #EES) 3 2 4 5 8
=] - —
BlIREDETILIE 130 MHK 5 6 5 3 2

— By #EIRANER/N 70 HEOEH) 7 3 1 2 3

- £ BEEDFEEETE-T
— FE2:. IO FREFHIEEET
—- EH3-mE=EILIER

BIRED FE AL (Lpor oL Rzst)

minimize

3x¢,t2x3+4 x50+ 5x55+ 8 Xgp < B BB %K objective function

+5Xp O Xgp+ S Xpot 3 Xpt 2 Xgp
+ 7 X+ 33X+ 1 Xyt 2 X+ 3 Xy

subject to
Xgq+ X4+ Xy, =50 < Hll#95& 4 constraints

JE & 514 nonnegativity



%ﬁﬂZE-l-Eif {44 = 50 80 60 70 40

120 #@@EGS) 3 2 4 5 8

=] -
° FDEJFEOD ud 1k 130 #AK) 5 6 5 3 2
70 HEDOEH) 7 3 1 2 3

minimize

3Xxgqt2xsp+ 4 Xge+SX5pt 8 Xgp B B9ES %K objective function

+5Xp ¥ O Xpp+ DXt 3 Xppt 2 Xpp
+ 7 Xy +3 X+ Lxpyc+2xyp+ 3 Xy

subject to

Xgq+Xgy+ Xy, =50 HI#IE 4 constraints

Xqp+ Xgp+ Xz =80

Xgo+ Xge+ Xy =60

Xgp+ Xgp+Xyp =70

Xep+ Xpp+ Xy =40

Xgg ¥ Xgp+Xgo+Xgp +xgp <=120

Xpgt Xppg+t Xpet Xgp+ Xy <=130

Xppqt Xpg+ Xpye+ Xyp+ Xy <=70 é
end JE& K nonnegativity

______________ MXLPTF7A LR TIZEALLY

— 74L& ex.Ip] TIRIE(LPT7AIL)



ok 12 &1 &

» gurobi CexE L (#%<)

Y:¥LP>gurobi [Enter] ~ [===rsen e

LPD7 A JLE%IA

surobi> m=read(“ex.lp”) K .
Bk (42¢) )  5@§!: 000000e+02  0.000000e+00 0
gurobi> m.optimize()
fED TR
gurobi> m.printAttr(‘X’)

gurobi> m.ObjVal




"-::.-t _rl:' —rl- = r-"'
CPLEY> | read ex. Ip

Problem ex. g read.

Fead time = 0.00 sec. (0.00 ticks)

= display problem zl

cbi: 3 xSA +2 x5B+4 x50+ 5D+ 8 xSE+ D A+ B KB+ 5 0 + 3 xKD
G e TR e R PR I

H()
50

+

wh + xHA
KB + xHB
WD+ wxHC Gl
«H0 + xHD 0

. ; KE + «HE 4]
Y.¥LP>cpIex [Enter] : X8 + XSG + 3D + x5E <= 120
: xKB + xKC + xKD + xKE <= 130
xHB + xHC + xHD + xHE <= 70

LPT7A L&A

M wvariables are >= (.

CPLEX> | opt

CPLEX> read EX.Ip Tried aggregator 11 ime.

bo LFP presolve or azsregator reductions.
Fresolve time = -0.00 sec. (0,01 ticks)

Fl:ﬁ%@i%ﬁ [teration log . . .
[teration: 1 [ual objective = 160, 000000

CPLEX>d p a Dual simolex - Optimal: Objective = 6.7000000000e+002

Solution time = 0.00 zec. Iterations = 7 (0]
Deterministic time = 0.01 ticks (13.28 ticks/sec)

At (F#<) oPLee [ o v - = display solution variables

Yariable MName Solution Yalue

CPLEX> opt 40.000000

80. 000000
10000000

_ 60000000
FEORT 40000000
50000000

10. 000000
CPLEX> d SO V - éFI)'I_EEther variables in the range 1-15 are 0.
>




iﬁﬁiizgilfigi‘{giéi fﬁ%iﬁﬂ1ﬁi\v’ aurchi> n.;ﬂr+++ }iﬂﬁ

670=06.7 X 10°? Variable

T e i - B {E 0D 5141 - #R L)

gurobi iz

v TiHEOME=

vV BBEDEES

v TEACBEEANSE1EM
60 Bt d 20 (- M BEEIRRE

0
0
L 4
*
0
0
*
’0
L/

.0
‘0
*

== 50 80 60 70 40
70
““‘2

120 HE(S)

3 3 2 4
49 130 BBK 5 6 5
70 BOEMH 7 3 1

N W W
“w N S



ﬁii REEE Y

670=6.7 X 10?

Xjﬁﬂ_w n$1ﬂﬁ @_IE)

cplex

‘0
‘0
*

130

L 4
‘0

\1‘40

/* 70 |

Optimal: Objective =|6.7000000000e+102
0.00 sec. Ilterations F)

time = 0.01 ticks (13.28 tic -=::_:£:.-';':;: :-_-,.;:;

Dual simelex -
Solution time =
Deterministic

CPLEX> d =0 v -

W@riable Mame

|1+|r -1|J'-'

-|| other variables in the ranze 15 are 1.

v THEOHEE

vV BBEDEES

vV IIEhoEE~NERE1EA
BRETHDICHMNBEEIRMR

w==| 50 80 60 70 40

120 #FE(S)
130 #A(K)

3 2 4
5 6 5
70 HEoaMH) 7 3 1

N W W
“w N S



K& M%E diet problem
o {5l|=E

[GHMPH—BENTIE, T —F INEREFINEEHFXITBERDID4DOD
BARYE, THEAFSUTAHILDOLITEREY 1EWLVS3DDXRER, 3SDOEBREEY
MERITERITHA)— IDNFET L. 4 DDBAYEIDDEREREIDOERREEY
Z, NBUEYRRLATRISRIELETET

REZR | MW —F | BEXEF | BEBX | aBREY
7=A1E- < 3 1 4 >
HILS T L 1 2 5 1

ExE > 2 1 5 c

ko) 1 2 A 3
ARY = 40 50 55 20

[ OHh—3BEIANIL, 3FEZRZ—HIZK L HFKIESO0, 40, 60IXIERLIELNEFEA T
LES! Ff-, EHEENITIE AL —HIZI502 B2 AL BREMTHRATLES ! !
FATYRLFWEFSADE=DIZ, A0)—FRm/IMITEHEIERYDEFTH A TALLY

V|

[5% \Elsj ] LPIZE 1L L T Solver TK#EH &K

S



KERBOEXLEKAR
. 178 : AL

min. 40x; + 50x, + 55x3 + 20x4
S.t. 3x1 + X, + 4‘X3 + ZX4 > 50

X1

2X2 T ZX3

2x1 + Xy + 2x3 A
7X1 + SXZ T BX3 -
x1 + 2xy + 4x3 + 8x, < 150

X4240
B SX4 > 60

- 4X4_ < 150

X1,X2,X3, X4 = 0



ZI| 24 5 %E assignment problem
o 5llRE

EFRMDNIONDEFIZHEEZZENFLSELTLNS
TEIFXEEBTISFEFEH S (AB,C,...,0)

I0OADETDRA, ANIETFHATEANEIANTIUTHS
BRDEBEEDETHIPEIMNZKY, ERIEEFIIZSEMEEEMLTLNA(,...,5)
RTIVIERIFI2DETHESZEZENEoNS
HAZIREEC1DETLMEEZENELONT, EOREEOHERETMEE3(,...,3)
S {ERFIARKICEELSIZ, EETITHZEEENYIRY =0

W,

Eg

~N

[5% ;llz_ljJ ] LPIZE 1L L T Solver TK#EH &K

S



FNEEEDTENEEKAE
15| E : TE =016 451

min.

S.T.

+4x

®-<

3X1A —+ X1B —+ X1cC + .-+ 3x1N ~+ 3x10

+o
104 T 9X198 + 5X19¢ + -+ + 3x10n8 + 5X100
B X1A+X13+X1C+“‘+X10S1

X104 t X108 + X10¢c + -+ X100 < 2
X14+ Xp4 + -+ X104 =1

_ X10 +x20+"'+x100 =1
X14, -2 X100 = {0,1}

FIHKXDOIE, BTEF1GOL20EEEEHTES
HFHKXOIL, FESHIIRLTHEMIIELT S
0-1%1#91& 0=x. S 1UZL TR TEIWFHE 2 BETH)

ij =



[i 2 ]
o EE1T5(unimodular matrix)
> def) BEIE A{THAS R NEFEITH] & detd=1 or -1
> th) BIE{THI D317, BEITHI TEEREITS
o STEE 1T (totally unimodular matrix)
> def) BEATHIA € R SEE BAFE LTS
& EFED/NMTHZXDIEMN 0or 1 or -1

> th) T2 EETIDEZERILO0or 1 or -1
B STOEETIE5E L BiE
HE S STDEGITIIN R B ZNE+HERETSTIETHES
E(cf. 3RFTFHM T AMIILDT S5 Tddetd==x2)
> th) LP(P)AxiEfEZHE, BRMITIAN T EEIRET SH. bH
BEANRNIRILIEL, P)IEBMZERE x=27%ED

s.t. Ax=Db ANEL BB DT, BILE#ETH|
x=0 T, BUEXEHITE. HIZB bIEBEAY e

(Pymax. c'x Eomof) (P)DEEBIZH T HEERIE(B b, 0) }




75 A ¥m A B8 student sectioning
o {528

BADFEEZDODDIZRIZEESHE =LY
BFEITEIDDYVZRIZEESE, BBELEVLEWNERITLZLNET S
BFEIZDDITZANDFEEFHF>TWS(FIEE~FIFE)DH
ISRIZIEEELHY, ET6ATHS(B=E=6AX6UT7RX=36 ATHER)
ERENDHEEBLINNRKIZESAIIIZEEEZISAANEREIELILY

60T R(ETEE6AN)

B Y




Do AmAERED E R 1b &K AE
.+ IEE: B R AL

min. —999x14 + 30x18 + 100x1y —999x15 — 999x,¢ + 60x4¢

+ oo +
+30x1¢ + 100x18 + 60x7y —999x15 — 999x1 — 9994
S.t. B x1a+X13+x1y+°"+x1C= 1

q -

i X33a+X333 +X33Y+ "'+X33Z =1

[ X1a+x2a+“'+X33aS6
2 -

xlz + XZZ + e+ X33Z <6

X1q e r X337 € {0,1}

FHRHNKXDE, BFEIFISADECIIMNFRIZAIERT S
HHKXOIL, BISADEE(IT6A
O-1%1#9(X 0=x, S 1IZLTHBULTLL G E ST BETH)

ij =



% k5 1% [ %8 shortest path problem

=]
o 15 RE
557G=(V.E) &R EDAX R (cost) MEZ 5N TS
AA—hihE (H1)MASd—)LH A (F9)F T, ARMDBINZR/INELBRELEDH &K

[}E;]E;J] LPIZTE X 1E L T Excel Solver Tk K&
(LPZ7AILTERILZECKY, Excel DAMNERXIEHZE)



MBS RE D E UL &K FE

1B - /= =¢ | 0-1FHx, (&, #2(ij))EEIZDUNT,
» Pl *‘i1t1ﬂ %:’éﬂgkb’]dﬁ'B?‘JBl, EHELVEB0

min. Z CijXij 7

((IeE J
1 (=9) K\ \ 7
st ) =y xp=4 0 (ViEV\{sah) i
jev  jev. -1 (=) N
xl-J-E{O,lf\ (V (i, ) EE) L;/
HiNhoDimHE =D RINDRAZDE] )

HERKE, THEISDRHEDFIEIBINDRAEDFIENDEIZEATHENDT
BN RAA—rh & (i=s) %51, d—)Lih g (i=t) 5-1, FNLUNES0ET S
(RE—KEHRBDOH, EFIEIRARDITANTHRAEL, T—ILIZRADHENDTLE)

0-1%ll#91x, €0, 1} [T #RFFEFAN 0 =x, = 1IL TAELVTHLY

i =



B A o] 8 maximum flow problem
» {5l 28

7 576G=(V,E)8%(i,)) EELE DB E (capacity) u, NEZ LN TS
A= R (R ANALT—I/ILR (R FET, RRREEZRE

[}E;]E;J] LPIZTE X 1E L T Excel Solver Tk K&
(LPZ7AILTERILZECKY, Excel DAMNERXIEHZE)



Ex Nl E D E U1k &R %

ﬁu -'- —t{t{;}.‘u EREH T, B SEICRNDRE
Z >
ij — Z ij S
jev jev K\
\ -
le, Zxﬂ_o (ViEVNdst}) il
/ \\T;
JEV JEV ...
0 < x; < uu\ (V (i, /) EE)
RN DFH =D RINDFTRAZEDH

1DEDFHINAK L, REFRFAEERT. Blb, start/goal IS DEED RilZDUNT
rElh\bo)/)lLtﬂio)*DJ&r'5I’\O)/)IL)\EOD*DJ&@%75“0(/)![.31%@)—C‘:%é
(s[start]/t[goall [EFERFHIFIDGERN NS EITEE)

BB E ms[start| D HEDFTERAEDFINE IZT KIET H LS



/N EIRE minimum cut problem
o {5l 8

7 576G=(V,E)8%(i,)) EELE DB E (capacity) u, NEZ LN TS
ZA—hE(RDEEGAERES, T—ILE (R EEL MEAETEL, VESETIZHE
CDEE, SHBLTANDEDEESESTHYRE LS. BENR/INELSSTHYRERD K

$={1,23,6
d } 2,,,,»4 T{45789}

L 2D 3
I /ST;J“J k=

o (24,25)(1,5.3.5,69)]
[ ﬁi/é ] LPIZTE =1t L T Excel Solver TR & STHYRAE==13
(LPZ7AILTERILZECKY, Excel DAMNERXIEHZE)



/N VNEIRED TE b &K 2

.—-—. 0-1BHME Rz, [T,
177"-“ _t'“:rﬁu 1‘3‘2(]i,j) EEMNSTAYNEL], ED/B0
0-1EBHME (L,
min. z uijZij RICSVINERSIZEENDEL], EDEB0
(L,J)EE
st YVi—YVi—zj =0 (VI HEE) @D
y.=1,9. =0 e

zij €{0,1} (V(,)EE)
Vi 6{0,1} (\VZEV)

HVRHEIHFIDIE, i€S, jETDESy = 1,y=0T, z,=1&77H 2 EZERT DY
TN, L jeShAy=D % i, jET (v, —0) Tl z=1THOTH KLY, DFY, Hl
FELTERAZELN. L?fJ\LEEI’]FasEIyﬂb\E—/J\ﬂ:?EG)’C MDD ES Lz, ~0E737D
(z;, y; DO-1HFKIE, LPEEFILTO=z,=1,0=y,=1THLTXL)

ij=



¢« T N7 5&/NYEREE (max-flow min-cut theorem)
> th) I KI7O—MNFEET BEE,

ANnE = m=/NMNIVEE=

» RREREZEMBEP)ELI-EE, TREED)M &/
DB LTS
> JRATO— RNHDYMERIFE, B EEDRHKT —R

o Xt 5E I (Duality Theorem)

> th) LPD E ff#(P) & i RE(D) M EL b HLEITA[REE D, L)
INIHBEREFHLREEN—T D




EEEIJ\%FHUILF& minimum cost flow problem
« {5l %8

7 57G=(V,E) 8% (i) EELEDARF (cost) ¢; EBE (capacity) u; MEZHLN TS
BZzont-FERNEEL B RDHIEETEH-II70—%EFZ5
EITAREZLT7O—DHOLTEAR/NGEDHLDEKRDO &£

10 FE =
3 V405 330 4807

2/3
fiaml 1/20 / 10

6
3/40  5/50 330 V0 \ordo 45"
T IPY SN 1/20 130

41 2/30 9 N
\ 7 /m) 2/20 —>{12 ﬁ'ﬁ3%,m

[}Eiz%]] LPIZTE X 1E L T Excel Solver Tk K&
(LPZ7AILTERILZECKY, Excel DAMNERXIEHZE)




w/NERREREDTE 1L &3k fE

- %8 : EX1E 1 EHEH (L, ) SERNDRE
min. Z CijXij
(LJ)EE

S.1. ,

Xij — Xji = bi (VZE V) (D

JEV JEY ..

0=<x; < uiyj\ (V(E,)HEE)

RIMoDFH =D RINDTAZEDH

REREFEFNODEILTES b, 0)1|Eliu‘F0)J_U
BB EeVIZTDONT b %0)-50)1
FEELISVIZDINT %0),'#\0)%'%%%
FNLS DBV IZDLNT b O(J.Léﬁﬁ)



- R/INERREREIE REBMAEERAKRMEEZED
R/NERREREOERILICEVWTLUTOHREZT NIXRL
VAA—bkRi=s [2TD0ZT, b =1
v3d—)LgEi=t 22T,  b=-1
VENLND R IZDLNT, b=0
VETOR(G)DEE U, =00

y

B 75 it ] 8

/NERREREOERXILICEVWTLUTOHREZT NIXEL
VABZB—kRi=s [TDWT, b= *f=Zepy o,
VIA—JLRi=t IZDWT,  b=~f xIojmEHIHTE EIKRT)
VENUSND R [ZDULT, b=0
VAI—rRNoDE(s,))DARXL =1 = 4 < BEHE
YENLS DR )DARE oo (BN

y




QN Ok RN =

RN

10.

/1.

% Xk

SBE IR EtENL] BREHE (1987)

BHE - 58 - B8 [&#ElE] 5KEE (1994)
AATERA - WANER [H@E L] FHIZHAR (2002)
IRFNIER [igstEE0 B L Al BAaEE (2012)

NG - 5 - KE - KB [RRE] BAIESE (2001)

A. Schrijver: Theory of Linear and Integer Programming, John Wiley and Sons,
1986.

L.A. Wolsey: Integer Programming, John Wiley and Sons, 1998.

M. Conforti, G. Cornuejols and G.Zambelli: Integer Programming, Springer,
2014.

AREHE JPR ROy ANIEFM, AL A4 X H7oo L WEESE, TR
BlF5T,2012.

ACRERIE, /INMFDE, B BESS, WGk, F5ARME | PythonFi&IC L5 EY %
AT7FUT 47 R, iﬁ_ﬁﬂ%fﬁ 2016.
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