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1. 8o mEiE &l ?

1. $¥R A2 exE4L [B1%E (Linear Optimization Problem)

- B QR FX-FFARTHoDNAIFHDLET, R
(1) OEHNE#ZEX - R/MET 2D FZELHRE

min. le + x5, + 2x3 + x4 + 3x5 B B9E8 %K objective function

st. i x;+2x3+x5=25

9x1+2x2 + x4 + dxg = > 1

Xy + 5X3 + xc > 3 '< Hll£95& 14 constraints

X1)X2,X3,X4,Xg = 0 JE B & nonnegativity
R ETE B REZ 2 <T= D £ 75 F % algorithm
— Bi{K;X  simplex method, G.B.Dantzig(1947)
- NRE interior point method, N.Karmarkar (1984)
— (#BHKE ellipsoid method, Yudin, A.S.Nemirovskii(1976), Khachiyan(1979))
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« VILNN—DRCE) «+ BIE © E1T
= A2 —"B[T—X]-[VIL/N—]%FEIR

TrAl A—h A RA-TL4TIh  BGL | T4 | BB F=  BEE  ALT PowerPivot P #= \ i3]
3 TH IS | A N2 =0 % =/ &) : '8 48 aH =
@ & ls EH o [0 [ dfE S Gl Bk = B> 55 @ &R BA c<H o & T2
F40 FHEAMEL Web F-JNEL BiEE> EFE | IAT z| BRER T EYOMIE Tvca S8 740 WA F-9EFN | What-If 9% FA | GL-TF T At
HfE - RCSVAS £S5 REENS -2 oEE | = [0 . \¢ T T OER AFTRR - oEE= S NI A -
F-IOmEL TS DI WAERETIS— F=9 91 A PIbSA> 5
Y -DIT5A-5- X

S[V/I/N—=D

INT X — R —
] EEE @ 8xEM) OSMEN O BEE: (V) 0
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EfLOEE:(T) I
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<« HHIBEHDRE

12

«— B (L I)DEKRTE

SIFEEDIE: (L) 7
BI(A)
EE(Q)
=L
EES —<—— FINSEEFDRTE
AT HwHR)
Sk FE(L)
S ORESEIESBIIT3(K)
EEE;JB\%EME{R: GRG IHER: ~ ATZax(P) % $ ;\f O) fi_Ej%R
o =L
BT j_ 7 v 3 VEXiE

EohRIEERERT VIL/(-BESCZ GRG IHER IS, BRERT YL LP 207
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1-2-1. ExcellZR2ab LY/ )L/ \—THEL
« Bl) R L EIRE % Excel > — b [ZEER

min. 2x1 ~+ X9 + 2x3 + X4 + 3x5 min. cTx 1??!;’6\2‘_2;:;
S.t. X1+ 2x3+x5 =5 s.t.Ax > b - g:ﬁfﬂ
x=0 "
O +2x5 + x4 +4x5 = 1 T 12 13
X, + 5x3 + x5 = 3 102 0 1 5
[9 2 0 1 4 1
X1+ 3x3 + X5 = 2 A=10 15 0 1273
X1,X9,X3,X4,Xc = 0 1 0301 2
1 1LAP fx.i:i : ’ - F L 2 (&) Aot
: [ e F AL % SR L 72564
4 " obj._fn e Y
5 min P 1 2 1 3| s 0 \ [I5] = SUMPRODUCT( C%$3:G%3, C5:G5 )
B s.h. 1 0 2 0 1| 5 0 = 5 |
7 9 2 0 1 4 5 ol = 1 [16]~[19] ~a &—
2 0 1 5 0 1| s ol = 3 |
g 1 0 3 0 1] = ol = 2 |
10 LHS RHS
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il obj.
5 | min 2 1 2 1 3 0 ><’)EE@: OsrEM| @ #MEN OEEE:W) |0
6| st 1 0 2 0 1 0 = S\ (EEIL0E=:(B)
‘r’_ g 2 ] 1 il 0| = 1 $C$3:5G%3| iz
8 | 0 1 5 0 1 0| = 3 =
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1-2-2. LP file [Z§22R L gurobi TH#EL
"f‘i /B_L1tFDﬁiL0)J:E_t1t (151)

min. le + x, + 2x3 + x4 + 3x5 < H B9BA%K objective function

9x1 + 2%, + x4 + 4x5 > 1 < 49 %4 constraints
: X, +5x3 +x5 =3 :
Xy + 3X3 + X5 = 2 :
X1,Xo,X3,X4,Xg = 0 JEB & nonnegativity

o BXAbZE LP file 2zt e

rT21I)r(1:Iln::lie2 £ %3 4 x4 + 3 x5 < B B9 %K objective function

subject to < #9544 constraints
X1+2x3+x5>=5

Ox1+2x2+x4+4x5>=1

X2 +5x3 +x5>=3 XLP file i2 XX TlE, IEBEFHIEEEHRLAELY
X1 +3x3+x5>=2 (ZEHIBEFHWICETIEREEZTESINDS)

end



1-2-2. LP file ICEEaR L gurobi THEL

TENIEZLP file 2= Tidal

V RARX AN KCESANNIZERDIA VT PIZERT S
V TEXXARI T 43 (TeraPad O AEIR) Z#2E) T 5

v ERILZELP file 2z TR T B

minimize FDBE-ZEH-EBSORICIFARR—X DB E
(KEEOBNXFEIDDRELRHT 51-0)
? E.l PXEHIBEXANIN e R REMIBLLLN (RS T T LR AER
subject to DF=8). FEEHEOLEVER (TU—EH) EES15
X1+2x3+x5>=5 Bl 20DFEEETHOEICEEHRZS. BIb, J)—

Ix1+2x2+x4+4x5>=1 EHDx[Ex=x,-x,(x,x,20) CESHZD
X2 +5x3+x5>=3
X1+3x3+x5>=2

end F) M [T A EHTIFELRLR

V DA ILZ[LPIRIZIRTETS. FTOBE, 74 DFEEEXI£T
(**) 112U, F7PAMIVRRILEFHF AT T *** |p | &ituh

XKI7AIDEEELETIZEBLEN T TEXRALNI7AIL (*ixt) ITRELIEE S, 74L& R
[ |p.ixt JETRBDD T, T7AINBDERBTHREDE D txt JZHIBRL, "+ 1p1&T S




1-2-2. LP file IZ§22R L gurobi THE<

* LP file Z gurobi THE<

> a<2 kK 7827k command prompt 1 Z#2 819 5
v [Windows]+[R] F¥—Z#L, [D7AILAZTIEELTEIT) ZEEIT 5

v’ [cmd] &EB3BL [Enter] F—Z 9 [ 7; /JL%EE""'::LET".—J X
> [ARUET I:I'/j H AN ED) 3T 3700504, EREETAI-PEFLAURE., 15~

& JvvE FOv T V o X = Ry R JY-REEAALTES.
Wi C Version 10,0, 7190 193 P
) sration. All rigl seryved.
¥

Z5(0): |cmd| v

oK Tt FE(B)..

> Np 274 IL IDMRIFSN TS TAHILIANEENT S
v aAvR7AVTRLETK ] EEBRL T [Enter] F—% T
S>KRSA4T ~BETH
v avoR7OVTRETcd P ] EEEIBL T [Enter] +—% 189
> [LP]T7#ILF ~FEEIT % (3 cd = change directory)



1-2-2. 252 L gurobi TH&E<

o gurobi TR | X¥AX¥FIOYT LT gurobi JERMALT [Enter] +—HF

- gurobi HEEENT S
LP file D &tIA
gurObi> m:read(ll***.lpn) S ——— _

'ur I:| Interar ’[l /e Shell (wind2), Yersion 5.6.!
|: r| h’r lic l 2012, Gurobi II|:+|ru|._ tion, Inc.

[FRE% <
gurobi> m.optimize()

i m = r'Eea.n:I £ !_]:'I-::ru'.'.'_||:-1 P

s=—r—a lunns and 13 nonzeros
ws and 3 columns

v

z cﬂlumnﬂ, 4 nonzeros

ﬁq:o)i%_'ﬁ (B_ ﬁfF & E_Lrg) Iteration Object ive Frlru I In’r [Dual In’r Time

gurobi> m.printAttr(‘X’) s

=0 | ved |r| 1 |’rn-r ’r| r| and 0. II seconds

\

gurobi> m.ObjVal
fREI7AILIZIRTE
gu robi> m,write(”***.sol”)/y q-u-;u_-l'l;:j':'.? 1o

gurobiD¥R T
gurobi> quit()




1-2-3. [ZE8h L cplex THEL

~ 473 XAV RTAV TR E Tl cplex |EEB L T [Enter] F—3F T
’ CpleX—CﬁﬁF< > cplex HEET S

LP file (D E5EIA ——

% %k B IV/F 00Tk

C P LEX> rea d . | p Welcome to IBMCR) ILI:II_';'% F:,; ((R) Interactive Optimizer 12.6.2.0
P R (HeER)

CPLEX>d p a Byt e
[EREZ fi#< "
fininize = display problem zlI

CPLEX> opt

RO (REME & EE)
CPLEX>dsov—_ i

CPLEX> d 50 obj o
REI7AIVICRTE ;

-:1'||: ‘|'|[|||-' ;lll ||1

CPLEX> write *** so| S R lution variables

Solution Yalue

3 2. 44444
CpIeX 0)%%? A1 other variables in Jr|'|l-' ranzge 1-9 are (.

+.|-' 17 ke |F1 i |
written to 1|I-:= THerw_lplc.sol ™.

CPLEX> q U |t %ELE



1-2-4. THEC

Z <

> FIAZAZE (A
(1) google 7HMMZAT AL, google drive ~NFEEf
Q) TFR1—TZDM I —TF7T)ZEEMIZER
(3) 'Google Colaboratory | Z 3B/

> FAZE [E B L)
(1) google 7AIMMZAT AL, google drive NFEH)
2) I#TRR 1 — T2 Dt 1 —TGoogle Colaboratory |22 R

> D74 IL4 % default Tl [Untitled0.ipynb] E4E>TULNVS. ZEEA[.

> T7AILIE google drive ICEEMRTFEINS. —EERLIzL, REILIZEIL,
google drive RMDI7A )L [***.ianb] ZERLT, FKSENTES

X ZDHLRF AL IPython| Notebook D& T, Jupyter Notebook EEFH D
T74)LELNDTE. IPython (X Python Z X 5EMIICEITT AIRIED1DT,
Jupyter Notebook &I, ENET SV H L TEMNTRITIRIE




1-2-4. THE<

A AM—IL
L FOEFEF.ipynb
J7IL |E TR BA TYTL WL AT
+ O—F 4+ FFAk - [A—FIDMITSDELIITEEA
L EOSAREERUTIEA
(COA—FDTFIZ, Ayt—UMN
RINSNDODTRNHDETHD)

Lo

e o pip install mip

Q,

» P REEEEDR®R (REDEKE)
- EEO[+a—FIREVERLT, ROBBF (0— R £BMT S
- LTOBYICEHL, ZO=FREVERLTIRTITS

O -:-021.2,1,3 < I RE DRz B L EREIZ DU T
" %5[1’,16,%,23, 0 c=[...] : BRIEBDFZRBILIL
9, 2, 0, 1, 4], b=[...] #HHEHOHEANINIL
bl A=[..] HHNEHEOEDFZRHKITH
J = ranzelen(c)) J = range(len(c)) : FI D iHRAFDEH
P e I = range(len(b)) : T D A F D &

X len( ...) [ ... DY A XlengthZ iR 9 BE%L
EERELTLSDEDS




1-2-4.

« R
- EED[+20—
— ZZICUTm@aYI(Za—

© fron mip.model import *

/E‘

m = Model (" pexl™)

b 5 ILMDEEE

THC

o b BN ik 2 (ERXIE EKER)
R1Z220)yoL T, LTOa—

FEEZakL1=1%, £=

&

X #HEYRFIA
(AT S LEIFEFZELLY,
ANEFAE®DER)

Mg HHEZEEMNT S
RIVTEITT S

% = [m.add var(var tvpe="0C", b=y far j in J] # EHTE: ET)l o |[CEE#HFB0
ey g m-ohjective = minimize(xsum(c[i] * «Tildor i in J)) # BERGEHOEEE : 7/ o |CBERGEE
JUE_E*:{E: for i in I:
mo+= wsum(ALT100] = x[i] for § in J) »= hli] [+ DEEE : ET/L n | CHEISFEBAD
optinize() # FuEL CGREE) DT o 5930 . .
e PR e - %”C” = continuous (GE#z)
= — if n.status.value==0: § HL, EERRHSRE oS BIREHET HELNDE
int (" EREEE: ") f ERE o .
szﬁq: . S % b = lower bound (' R)
R - print (" «[7,5,71 = 7, xlil.a) gliﬁ%‘ﬁlfzgg{%j_é
:ﬁaiﬁﬂ_ﬁ print ("ERIE{E:", m.ohjective_value, =", m.objective] § BEREHEEFT —( 7= . =
DES || o § L, BEERISRE S - 72D default [ 1b=0 72D T, &
L erintCerror RERIIREY ERATURT) § I5—X v E—VERT M LELTHHE
(2 mERE:
[ 0] = 0000000010111
x[ 1 1= 0.0
[ 2] = 2.4444444444440445 o 4= + —
x[3 1= 0.0 < E1T9 5L, FFRZERT
[ 4]1= 0.0
FOBEE: ST T00012 = + 2.0var (D) + var (1) + 2.0var(2) + var(3) + 3.0var (4]
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15N
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Al [ B

F:ﬁ)K%ZEHI! X35 G- BA-IHOB)HY, HAEZTER(EH
$E=)TED
BEEIISAVNT, SFEEGZRLVE)1HS
3TN NDBEREEINENADEMAH-VEEIRAMNITRDEY
AR M ER/INETEAHEEETEIZT-TEL

v LighoBEENEmELEA

A T15(K)
BRETHDICHhMBEEIRMR

wm= 50 80 60 70 40
120 #mE(S)
.

3 2 4
130 &&K 5 6 5
70 HEoaMH) 7 3 1

v L0 s
vV BEDFE=

N W W
w N Co



inE I RE D E 1k

o ¥RH2Ex 1L Linear Optimization
- [HREDETILIE (ERAL)

~ B EEIRMERD < BB objective function

— Rﬁ:l : JEEE@?%EEE 7(':3— < #4954 constraints
T

- EH2:. I5OHFRERBRGEEET

3 -EEEILIER JE B &4 nonnegativity
o FRFpIn—
KEELTE == 50 80 60 70 40

vy 0 THi SFRE~OWEE e

ex) xgy = 30 B TIHS)MS 120 HmES) 3 2 4
EE@B’\%E%%30$ﬁE¢%) 130 ﬂ*’@(K) 5 6 5
ZFOEIEIR: 2 X30=60

70 TEDOsH) 7 3 1

N W W
W N Co



= 50 80 60 70 40

H'J L ﬁ:ﬁ = e

120  #FE(S) 3 2 4 5 8

=] ==
- FMREDTEIE 130 HAK 5 6 5 3 2
............................................................................................................................................................................... 70 I:lﬁ 0) _S ( H) 7 3 1 2 3
minimize

3Xgyt2xgpt 4 X0t S Xgpt 8Xgp H BB %K objective function

+5 X5+ O Xpp+ D5 Xprt3Xppt+ 2 Xpp
+7 Xt 3 X+ 1 Xyct2xyp+ 3 Xy,

subJect to

Xgq+Xg, + Xy, =50 Hll %54 constraints

Xgg+ Xgp+ Xy =80

Xsc * Xgct Xpc = 60

Xsp+ Xgp + Xpp =70

Xqp+ Xgp+t Xy =40

Xgq tXqg+Xgot+Xgp +Xgp <=120

Xpgt Xpp+ Xpet Xppt Xy <=130
Xpa + Xt Xpe t Xpyp+ Xpp <= 70
~end @ JE B £ nonnegativity

______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ S A
— J7AILEexIp I TREF (LPTF7AIL) ’ i
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Excel CHEEL ()L agha )L/ v —E )

A B C D E F G H | J | K
3. B
Ty B
IENEE|(A B C D E
Aa=(S) 3 2 4 5 8
#HE(K) 5 6 5 3 21 #azxth
EosM) | 7 03 1 2 3 T o
Xy A'B C D E HiEE #1a
5 ol =| 120
K of =| 130
H ol=| 70
BiEE 0 0 0 0 0
Il Il Il Il Il
= 50 80 60 70 40
[19] = SUM( C9:GS
—[19]%E a3 —L, [10:111]~88V {Fit
[C13]|= SUM( C9:C11)
—[C13]%# 3K —L, [D13:G13]~850) {17
[16] = SUMPRODUCT( C4:G6, C9:G11)

YILI-mISA-5-

ENTILOEE:(T) $156
ERE OBXEM) @ BMEN O BEE:(V)

EHrILNEE:(B)
SC$9:5GS11

ST OISR (U)

$C513:5G513 = $C515:5G515
$150:51511 <= $K$0:5K$11
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BERAE
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HIJLFI:ﬁLF_@*ﬁL‘F
° Excel‘/)lx/ \— 'Cﬂ#b‘f_"f‘i%

'C D E F| G H.

1 T
, | EEaZb
s [T=\8=[A B c D E
. | [EEE) 3 2 4 5 8
= | |[BEK 5 6 5 3 2 #®axkt
6| |mEosMm) | 7 3 1 2 3 670
I
g X A B C D E wiEs g
9 S 0] so] of of o 120l = [ 120
10 10] o| of 6o 40 110 = | 130
1 H o| of 60| 10| o 70l =| 70
12
13 HiZE 50 8O 60 70 40
T R REiE

EE . —
5 == |50 80 60 70 40 O S 4 - HRSE




Al 5] 28 0D 3K %

* gurobi TfE<
Y:¥LP>gurobi [Enter]  [m=wrzoor o

s, 15 columns and 20 nonzeros

LP file M FEA 0,00,
rows, 15 columns, 30 nonzeros

gurobi> m=read(“ex./p”) |E—GG e
0s

R RE % 2< ) ? . L s
gurobi> m.optimize() |@

DRI (REE & EE)
gurobi> m.printAttr(X’)

gurobi> m.ObjVal




Al o] 28 0D 3K fi#

° gu robl’Cﬁch\T_"f‘*%
i A i - B
aurobis m.UBIVa D& ﬁﬁ

6700

KEEEDFRFEIZTDLNT
6.700000000e+02
= 6.7 X 10°
=670




i '3'| :«} read e |p
HIJ n L ||| vk lam Tex. e read.
L Foac time = 0.00 sec. (0.00 ticks)

ﬁf’ﬁfzg P a = display problem all
- 277 obj: 3 xS + 2 x5B + 4 550+ 5 S0+ 8 xSE + 5 KA+ B xKB + 5 x<KC + 3 =KD
o Cplex z L‘I: + 2 kE + 7 oHA + 3 HE + wHCD + 2 wHD + 3 wHE
Subiect To
cl: =58 + «KA + wHA
. o/t xoB + KB + «HB
Y'¥LP>CpIeX [Enter] c3: x50 + KD + xHC
cd: xS0 + «KD + =HD
ch: x5k + =KE + «HE

LP file ijb A cb: x5h + x5B + xE0 + x50 + xoE <= 120
il wkh + KB + oKD + =KD + xKE <= 130

CPLEX> read ex.Ip B A B+ X+ oD+ <= T0

A wvariables are »= (1.

CPLEX> | opt

= — = Tried Zggregator T Time.
FDEJFEODZ?HT (EEEE\) Mo LF presclve or asggregator reduct ions.

Presolve time = -0.00 zec. (0.01 ticks)

CPLEX>d p a

lteration log . . .

[teration: 1 Dual chiective = 160, 000000

E'E 2 Oual simplex - Optimal: Objective = 6.7000000000e+002
ﬁ:ﬁtéﬁ*( Solution time = 0.00 sec. Iterations = 7 (0)

CPLEX> Opt Deterministic time = 0.01 ticks (13.28 ticks/sec)

CPLEX> |d =0 v - = display solution variables

Variable Mame Solution Value

— 0 S s 40000000

fED TR (B fE & FEE) 5B 80000000
s 10.000000

CPLEX>d so v — <D 60.000000

xKE 40.000000
xHC G0, 000000

1 HD 10,000000
CPI—EX> d SO ObJ ill other variables in the range 1-15 are 0.

CPLER>




Al o] 28 0D 3K fi#
cpIex'C*‘ﬁ#L\T:‘f‘%

Oual simelex - Oetimal:
Solution time = 0,00 sec
Deterministic time = () |I1 Jr| ks

CPLER> d so v

Variable Name

| || other wvariables in the range 1

KEEEDFRFEIZTDLNT
6.700000000e+02

= 6.7 X 10?

=670




540125 ] RE D K %
THEC
A2 A—=IL

coO L FDEEF ipynb
71l |BE TR BA Z2591L W—IL ~NLT
= ‘IR +FEAR [A—F1DOHIZCDESIZEA
£ © vir imtall . EOZHRAUEMLTIES
Q s o pip install mip (:@:—PO)_F[:, )(‘yt—¢)7f)§

RITSNDHDTRDHDETHFD)

BB DL 1 (R DERE)

© - [0, 80, 60, 70, 40] f BE < EEEREDOREICDONT

s = [120, 130, 70] B es d=[...] EETDEENRILIL
¢C=[[3, 2, 4, 5, 8], # &pza=2t — : =] H 4D A

[5, B, 5, 3, 2], - s=[...] 'IA%O)L‘%%:\aHL

17, 3, 1, 2, 311 C=[...] :#EnEIXMTS
LD et J = range(len(d)) : FIDHAFDEREH

I = range(len(s)) : T iRAF D EH
X len( ... ) I& ... DY A XlengthZiRY
E#HZHRELTLNDEDS




A1 U] B 0D 3K i
X BREDEE 2 (B 1)

o from mip.model import *

m = Model ("trex1”) # EFILDERE (FnEfIRE

% = [[m.add var(var_tvpe="C", |b=0) far j in J] for i in I] TS g
m-obiective = minimize (xsum(CLIT0T] * x[i10] for @ in I for j in J)) # B&ERSE : gmxa =2 F &Mk
—_— for j in J:
EINAE 7w v et I0T for 1 in D) == dD] b #l0Rd 22
for i in I:

mo+= xsun(x[i][i] far J in J) <= s[i] # &2 @ &G
m.optimizel) # S@E{k CRER) O=EiT

[ if m.status.value==0: # &L, BEERE- G5
= ‘ﬁﬁ - print (TERIERE: ) I EERE T
XLﬁ*F for i in I:
i & fl:lr -i in.r:LI: o, Fromr ., rr r . .
<ﬁ}n%> E‘iﬁE-< print (7 «[7, 1,77 0,71 = 7 wlilli].x)
- 153 ]
%}E?; 0]= 4.0 0)%/_\ print (7 EERSEE: 7, n.objective value, “=7, n.objective) § BERSH{E®*FT
:{ g ; é % g“ﬁ” glse: B SL, BB kI ofa ot s
«[0.31= 0.0 _ print (" error: EnERFIIREV FRATLEY) § T5—# wtr—%FT
k[0, 41= 0.0
x[1.071= 10.0
[ 1, 1]1= 0.0
x[1.,21= 0.0
x[1.31= 60.0
x[1.,41= 40.0
W[2.01= 0.0
«[2,1]1=10.0
x[2.21= 60.0
«[2.31= 10.0
(2,412 0.0
HiE

BeRg#@E: 670.0 = + 3.0varf0) + 2.0var (1) + 4.0var(2) + 5.0var(3) + 8.0var(4) + G.0var(5) + B.0var(B) + 5.0var(7) + 3.0var(8) + 2.0var(3) + T.0var(10) + 3.0var (11} + var(12) + 2.0var(13) + 3.0var(14)



EEEnERREOER- E L - KR

a0 1% 5] 22

° %nn.siﬁ’kﬁ

- Ti5H: miEFT, EERZTEE(HBENTNTNELSD)
s BBE n AN, RERDODEELNDHD

c BEIRM: TIENOERBEEANDBEADYEHHEIRNE G
BIZDOMAEKTEL, FBHEIZLLALY)

1. LEEORIEZEARNLGHIETEL(ZDN
2. R mELBREICERIEE L
3. VILIWN—TmiEfEEFBIEZRO K
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RARKEAIYVYFT

B ADBELZMNNT, R7ZHEL. BWNMIART7ZHHTIEEOHEMEE
MIBEAELT-. qAENRRKIZEDBIYFTEREOT-LD

DAY

N7 DML (E
2 3 4

I&I‘

=

ij

O v

K XF

SNYEO
NAK K87

CRAL
RIS

O 'O
SEAIISK
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N DA oD oo | Ol
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RRNEHIVFUTDERIE
e 0-1E# &1L 0-1 Integer Optimization

- BMEDETILE(ERIE)
- HE: EAMD=mKIE RT7 DM (E

[T

N3

)
- &L BNETCHEFEIALUT 451 2 3 4 5 6
- 2 ZMSBCRTFEIART 57T, 7506 4
" . 2 11/3/ 5462

IR Xy =L —
+ KIETE 33615 4 2
C0ZH, |l BEDERS 44163 25 1
6 1 3/6/5/1]2 4




RRNEHIVFUTDERIE
e 0-1E# &1L 0-1 Integer Optimization
- [HIREDETILIE (ERAL)

maximize ~
3x,;+1x,+2x,;+5x,,+6x,5+4x,,
+1x,,+3X,+5x;+4x,,+6Xx,5+2 X

=

[T

N3

ij

+ ...
+3 x5, +06X5,+5x,;+1x,+2 x5+ 4 x4

subject to

—

o ol o w = N>§
SRR REARE RS B CROEes

113

2 1

XXX+ X+ X5+ x,, S e 33
— 1

Xgp+ Xgp+ X3+ Xy + X5+ Xgs ST 4 | 4

XX 4 X5+ X+ x5 x5, =1 o |1
— &2

Xj6+ Xog+ X35+ Xgg+ X5+ Xgg ST 6 |3

o oD o D HE
N A ol oo Ol
ARlw = MMM DO

x;€1{0,1} (i=1,...,6, j=1,....6)



RANEBEAIYFT DKRER

o ExcelV )L/ \—THEL(JLER D)

Il Il Il Il I Il

[A DT 28]
{1> [R5] =SUM{ K5:P5 )
—[ReEIE —L,, [RE:R1 0]~ BEW) 71+

<2> [K12] =SUM({ K5:K10 )
—[K12FP=3a" —L., [L12:P12]~ B 11+

<3> [R13] = SUMPRODUCT{ C5:H10, K5:P10 )

A e S T B O s o T O P T G R P e L e L= L R B LS L

A B . C D E F G H I J K L M N O P @@ R 5T
EECERI S TOEAEA T T LY
A o1 &EH
wgi; 12 3 4 5 8 x; 1 2 3 4 5 @ il
1 SIE 2l 5] &) 4 1 0= 1
ATE al 5| 4] 8] =2 o [ 0= 1
al 3l & 9 sl 4] 2 3 [ 0= 1
al 4] & a3 2] s| 1 4 [ 0= 1
AIE gl 2| s| 4] =3 5 0= 1
ATEI G ol 4 6 [ 0= 1
0 ol o o o o o T|AFH




RANEBEAIYFT DKRER

o Excel THEL
(JJLIN—ERFE)

UII-mISA-5-

BNtL0EE:(T) $R513)|

EEE ®2AEM) OBMEN O BEE:Y)

EHTIOEE:(B)
$K$5:5P510

BIHIEADN S (U)

0

FKE12:5P312 == 1
$K$3:8P$10 = J{4 )
FR$5:5R510 == 1

[

I

EDN(A)
ZE(C)

BIE(D)

FATUCYHR)

Fanda/ RF(L)

BReRe L (-BEECR P 2T

3 FaE=S BN | Pl
L EE:(E) IS (N)
FRE5:5RE10 T e= w111 4
oK BAN(A) FOUGE) | \won EEEEasITAK)
| EEFEOER: L TLesaLp
S| $ZEMENT X
Vi)
CIEE:(E) RIS () D RIESRETT VI (RIS GRG IR S,
$K$5:5P$10 2 | bin |7 JoAF + | R INTy, BSHTRRVEERER TV -ME TR 23— I SV ERIRLT
-
o=
oK z B FrIL(C)
int L7(H) E23(5)

FL3(0)




RANEBEAIYFT DKRER

o Excel)L/\—THEN=-#5E

F0 1717 47 4T T mas

Il Il I Il Il Il | 30

—

A B C D E F Pla]l R [S]T
1 RE2EIFTORAEA T

2

3 EH 01 &EH

4 wi; 1 2 3 4 5 8 x; 1 2 3 4 5 8 il

5 13| 1] 2| 5| 6| 4 1.0 o o o 1] © 1 £ 1
§ 2l 1| 3| 5| 4| & 2 2| ol of 1] of of of [ 1= 1
7 33| 6] 1] 5| 4 2 sl ol 1] of of o of [ 1= 1
g 4 4| & 3] 2| 5| 1 al 1] of of of o of [ 1= 1
3 5l 1| & 2| 5| 4| 3 sl ol of of 1] of of [ 1= 1
10 63| & 5| 1] 2| 4 6l _of of of of o 1] [ 1= 1
11

12

13

14

i 208 i - B o (B

DA - 5

Objective Value:
6+5+6+4+5+4=30 4
(® (®)




RABEHTYF
* gurobi & cplex T
<2

—p274I)L
[ ]

binaryZ # (0-1ZE#) HBTE

-

<

J maximize

3x11+1x12+2x13+5x14+6x15+4x16
+1x21+3x22+5x23+4 x24 + 6 x25 + 2 x26
+3x31+6x32+1x33+5x34+4x35+2x36
+4x41+6x42 +3 x43 + 2 x44 +5 x45 + 1 x46
+1x51+6x52+2x53+5x54+4x55+3x56
+3x61+6x62+5x63+1x64+2x65+4x66

subject to

x11+x12 +x13 +x14 +x15+x16<=1
X21 +Xx22 + X23 + x24 + x25 + x26 <=1
x31 +x32 +x33 +x34 +x35+x36<=1
X41 + x42 + x43 + x44 + x45 + x46 <=1
x51 + x52 + x53 + x54 + x55 + x56 <=1
x61 + x62 + x63 + x64 + x65 + x66 <=1

x11 +x21 +x31+x41 +x51 +x61<=1
x12 + x22 + x32 + x42 + x52 + x62 <=1
Xx13 +x23 +x33 +x43 +x53 +x63 <=1
x14 + x24 + x34 + x44 + x54 + x64 <=1
Xx15 + x25 + x35 + x45 + x55 + x65 <=1
Xx16 + x26 + x36 + x46 + x56 + x66 <=1

binary

x11 x12 x13 x14 x15 x16
Xx21 x22 x23 x24 x25 x26
x31 x32 x33 x34 x35 x36
x41 x42 x43 x44 x45 x46
x51 x52 x53 x54 x55 x56
Xx61 x62 x63 x64 x65 x66
end

3

— &2




RANEBEAIYFT DKRER

* gurobi TH&<

m = read( mwm_ex1. lp’)
Tormat model Trom Tiie mwn_ex]. |p
time = 0.00 seconds
oy gﬁ Fﬁll]mlﬁlq ?? o T o D
m.opt imizel)
urchi OEtimizer wersion 3.0.2 puild v9.5.2rc0 (wink4)

hread count: 10 physical cores, 20 logical processors, using up to 20 threads
et imize a model with 12 rows, 36 columns and 72 nonzeros

odel fingerprint: OxdbdtBlbha

ariable tvpes: 0 contiruous, 36 intezer (36 binary)

oefficient statistics:

Matrix ranee [TeHlD, le+l0]

Objective range [let00, Be+00]

Bounds range [1e+00, Te+00]

RHS range [Te+00, Te+00]
Found heuristic solution: objective 170000000
Fresolwve time: 0.00s

resolved: 12 rows, 36 columns, 72 nonzeros

ariable tvpes: 0 continuous, 36 intezer (36 binary)
ound heuristic solution: objective 24 0000000

Root relaxation: objective 3.000000e+07, 6 iterations, 0.00 seconds (0.00 work units)

Modes Current Mode Object ive Bounds o ke
Expl Unexpl Ok Depth IntInf | Incumbent BestBd  Gap | [t/MNode Time

k0 i 0 30.0000000  30.00000  0.00% - Os

Explored 1 nodes (B simplex iterations) in 0.02 seconds (0.00 work units)
Thread court was 20 (of 20 available processors)

Solution count 3: 30 24 17

Optimal solution found (tolerance 1.00e-04)

Best cbiective 3.000000000000e+01, best bound 3.000000000000e+01, gap 0.0000%




RANEBEAIYFT DKRER

o gurobl'CﬁtkL\T_%‘i%

S Ol A~ GON —

ij

R7 DR (EH)
1 2 3 4 5 6
3|12 |5 |6 4
113|546 |2
3 |/6 |1 5|42
4 |6 | 3|2 5|1
1162|353 4|3
3 /6|5 | 1|2 4

B i i - Bl B

O3 - 1R

®
®——~®

Objective Value:
6+5+6+4+5+4=30



CPLEX> | read mwm_ex]. |p

P rob | e mwm_ex . T read.
= S Fead time = 0,07 sec. (000 ticks)
E ) PLEX> | opt
ersion identifier: 20.7.0.0 | 2020-11-10 | 9bedbBd68

ound incumbert of walue 0.000000 after 0.00 zec. (0.00 ticks)
ried azzrezator 1 time.
73 < eﬂuce&i mg pas é% gows, af calumns, Elmd stggnzerog.ﬂ et
® z FedlUce as imaries, U gererals, s, an indicators.
Cplex ﬁtl: Prezolve time = 0,00 zec. (0.04 ticks)
Probing time = 0.00 sec. (0,02 ticks)
Tried aggrezator 1 time.
letect ing svmmetries. ..
Reduced MIF has 17 rows, 36 columns, and 72 nonzeros.
Feduced MIF has 36 binaries, 0 generals, 0 S05s, and 0 indicators.
Presolve time = 0.00 sec. (0.0% ticks)
Probing time = 0.00 zec. (0.02 ticks)
Cligue table members: 12,
MIF emphasis: balance optimal ity and feasibility.
MIP search method: dvrnamic search.
Faral lel mode: deterministic, using up to 20 threads.
Foot relaxation solution time = 0.00 sec. (0.03 ticks)

Modes Cuts/
Mode Left Ubjective [Inf Best Integer Best Bound [1Crt (Gap

* 0+ 0 0. 0000 126.0000 ---

* 0+ 0 17.0000 126. 0000 5471.18%
* 0+ 0 23.0000 126.0000 447 .83%
* I integral (0 30, 0000 30,0000 12 0.00%

(]
Flapsed time = 0.02 sec. (0.22 ticks, tres = 0.00 MB, solutions = 4)

Foot rode processing (hefore béc):

Real time = 0.02 zec. (0.27 ticks)
Faral lel b&c, 20 threads:
Real time 0.00 sec. (0.00 ticks)

0.00 =sec.
0.00 sec.

00,22 ticks)

Svnc time (average)
Wait time (average)

Total (root+branchécut) =

I
Il
(T
!

Solution pool: 4 solutions saved.

MIF - Intezer optimal solution: Objective =  3.00000000002+01
Solution time = 0.02 sec. [terations = 1¢ MHodes = 0

Deterministic time = 0.22 ticks (14.83 ticks/sec)



RANEBEAIYFT DKRER

o cplex'@ﬁ’ib\f:%ﬁi

CPLEX d s

h nl r+ S0 I1+||

ETT other variables in

=

S Ol A~ GON —

the rans

1

N7 OHEME(EH)
1 2 3 4 5 6
3|12 5|6 4
113,546 2
3/6 |1 5|42
416 |3|2|5 1
1162|543
3/6 |5 1|2 4

B i i - Bl B

O3 - 1R

Objective Value:
4+06+6+4+5+0=30



RRKEAIYF 7 DKREE
imoort matplotlib.pvelot as plt

' t network
fﬁg( import networky as nx

male = female = f t male=B#r, female=Zr#

. I = J = rangeinale) # FEAFEHEEETE
/r_jxl G = nx.complete hipartite_graphimale,fenale) # =225 =7 K A6
print ("nodes: ¥, G.nodes()) # SHEESFT (D
print ("edges: 7, G.edzes()) § THEESFT (D

o pip install mip

_ W= 03, 1,2, 5. 6, 4], # OEATH I FER
— MWM®DEE 1 615 42l
S 4, 8, 3, 2, 5, 11,
e b H
« REERTE el 1L Erval bl ] = NE1IC-61 8 RISl i £ 800 CISEAD)
s (6,801 6.9 0. 0. @, 0. 0.9, 0.7, pos = 10:(0,3), 1:(0,2), 2:(0,13, 3:(0,00, 4:(0,-1), 5:(0,-2), # ESOREE
. 6:(8,3), T:(8,2), B:(6,1), 9:(6,00,10:(8,-1),11:(6,-2)]

4

ncol = [] # s@EH~2 FIL

for i in ranze(G.number of nodes()):
ncol .append('vel lowzreen’)

for i in range(B,12):
ncal [i] = "red’

edge_labels = nx.zet_edge_attributes(G, ‘weight ) # $HOEBMD weight "=E{E

\

N
|

'@ |
)
/

o’i
|

/

\

J

nx.draw_networkx_nodes(G, pos, node color=ncol) § &@E : &, SD{UE, SO®
nx.draw_networky labels(G, pos) BigE: oSl
nx.draw_networkx_edges(G, pos) 5 : iR
nx.draw_networkyx edze lahels(G, pos, edge labels) § i|&E : #FOEA
plt.show()

/




RANEAIYFT DKRER

— MWM®D iR 2 (= 1E)

o from mip.model import #

Model (“mumex1™) # EFILOF2FE (BA 7 F - J0EE

fi

—  x = [[m.add_var (var_tvpe="B", Ib=0, ub=1) for j in J] for i in I] B EHTETS: v T A8 0]
m.objective = maximize(xsum(WLIT0G] * «[il[J] far i in I for j in Jd)) § BERSE : 257k

= — for i in J:

}-“E:_Ct’”:' T m+= xsum(x[i1[i] for i in 1) <= 1 # #EISEF : BOSEHTIEFIZ A LT

far i in I:

- m+= xgumlx[i10i] for § in J) <= 1 # FFEIFEEFE 5B FBFIZLALIT

m.optimize () §# Bo@ifk CKEF) DET

—  if m.status.value==0: # H L., EEEEDRE 2700
= vz 219 print (TERIERE: ) i EERF T
xjﬁﬁq: for i in I:
for i in J:
E‘t 1= if w[i10i].x==1:
xjﬁﬂ_ﬁ print (7 x[70,7, 70,71 = 7 wlillil.ax)
@iﬁ: print (7 BERIEE: 7, n.objective value, “=7, m.objective) § BERSH{EF*FT
<%:|: U else: B, EERENCRE ST is
A L print(” error: EEERRIISREY EFATLEY) § I5—H wt—3%FKTE
xrﬁ ?:: YRS sle E—R —_ s
B B 3G : Python-MIPEFI FAL TOo- 1 B ER L RiBL IS E MEL THRLT
}{% 1,2 % = 1.0 LABHY, NetworkX @ maximum_matching(G) FTHIVTHLELY
¥l 2.3 1= 1.0
¥[3,001= 1.0
x[ 4,1 1= 1.0
x[ 5, 51= 1.0
BeRi#EqE: 30.0 = + 3.0var(0) + waril) + 2.0vari?) + 5.0var(3) + B.0var(4) + 4.0varif) + var(B) + 3.0var(7) + 5.0var(8) + 4.0var(



RANEAIYFT DKRER

—~ MWM®DEER3I (FHERDHETR)

© GR = nx.Graph()
GR.add_nodes from(G.nodes ()]
rwedges = [(0,4+6,0W[0104]), 01, 2+6, W11 (2], (2,3+6, W [2][3]), (3, 0+6,W[3][0]), (4,146, W[4][1]), (5,546 ,W[5][5])]
GR.add_weizghted edezes_from(rwedges)

nx.draw_networkyx nodes(GR, pos, node colorsncol) 8 388 : =, S0UE, SO®
nx.draw _networky labels(GR, pos) it @ oS )
nx.draw_networky edeges(GR, pos) oL TR ]
edge labels = nu.get edee attributes(GR, “weight’)
nx.draw_networkx_edze_labels(GR, pos, edze_labels) #f 1EE : THDEA
plt.show() E
X7 D% (EH) 0
wij 1 2 3 4 5 6
1 ' 3/1]|2|5|6]|4 !
2 |1/3]54 6]2 i
3 3161 |5]|4]| 2
4 4 1 6| 3| 2|5 |1 3
9 1162|543 2
6 316 |95 |1 2 | 4
Objective Value: 5 11
6+5+5+4+6+4=30




% k5 i% [ RE shortest path problem

o B)T576=(VE)EH EDaARK cost) MEZ 5N TS, RA—k
Ha (m1)hSd—)Litm (BH9)ET, aRFDBFIAF/INELES
I (RER) ZROHT-

w1 ) BB
0-1258 » {0 LR DEEDLY



B 2 i A D TE U1k

o O-1EFmBEILEICKDETIVIE(ERHE)

0- 1K #lx, (&, #(i)) SEIZDWNT,

min z o %%E%EL’CE'B?IB/l; EHIEVES0
(i,))EE o s
1 (=) A \ _~
s.1. inj _iji =4 0 (ViEV\{S,Z‘}) >l\;<
I =/ —1 (=) P
RINoDiRE=DH RINDRAZEDH '

KL, TR DREEDFIEIFINDRAEDIHIEDEIZEATHEDT
IR A—Ih g (i=s) 2851, I—)LH m (i=t) 285-1, N LISV L0489 5
(RA—FEIEREDHT1-0=1, EH R ITBHHF1-1=0, BS54 LVF0-0=0, I—/LAILTRA
DHTO-1=-1&LVHZE. =1L, COFHIKEITEERR2—F3-2=1, FEH F3-3=0, T—)L &
2-3=-1 F{,ZEITH[ELL SN, HHMBEMAR/IMETHAZEXYEERRSND)



B X2 B ] 8 0D 3K fi#
o ExcelV )L/ \—TH#EL(JLEE )

A B
iR rEfc]Ee
HESE

C

;

[ fw i R oy oy I D oy ) OR N D O R A T Rl Rl

o LI L o Y o R I g I O g ey I D I T [ ]

[ ) B o B o B e TR B e T o R S T ) B S R ) B

E F € H I o K. L M I
i SEE
VoooaiBFl HAF A F -3 AR
X i L X5 L X5 i Xz — Li Xj
start 1 0 0 o= 1
2 0 0 o= 0
d 0 0 o= 0
4 0 0 o= 0
5 0 0 o= 0
] 0 0 o= 0
7 0 0 o= 0
g 0 0 D= 10
zoal 9 0 0 o= -
[AFT5#F]

1> [E2] = SUMPRODUCT( D4:D19, E4-E19 )

{2 [H4] = SUMIF( B$4:B$19, $G4, $E$4:$E$19)
—[H4FEak —L, [H4:1 2]~ BEW) 11

{3> [Ka4] = H4 - 14
— [K4 Ok —L, [KS:K12]~ 85 {111



B R % ] B 0D 3K %

» Excel THES
(JJLIN—ERFE)

VI -DIGA-5-

EftILORE:(T) $ES2)

EfE: OENEM @ SMEN O BEE:(V) d

EHTIEE:(B)
$ES4:5E519

AIFIEA RO & (U)

SR 5KE1Z = MBI EME12

BEIDRVEHEIFEHCTIK)

BERTEOEIR: | o TLwh P
(E)

BRNE
ESHRIEERE T VIL-BEICZ GRG IHERL

LR TS, BshTERVIERRAERT VI —BRCRTA1 23— T30 EERLTC

.

AT (H)

THE(C)
k(D)
AT HR)

FanAd/RF(L)

[

I

Ty, EREETTVIL-BECR P 2T

AER(S)

FL3(0)




E — E Fiy B C ] E F B H I o k. L I
= E1 RiEgaRIse ERE SES
Ex Y} H iE 2 | HESE mn] 8] v OeE AR T FI- AR

3 i J cost X 5 i E; X5 i X5 Lxy — Lixg
4 1 2| 3 0| start 1 1 0 1= 1
XY 5 1 3| 2 1 2 0 0 0= 0
° EXIKﬂ:/)LN,\__E 1 5| 5 0 5 : : 0= 0
7 2 4| 2 0 4 0 0 0= 0
3 2 5| 5 0 5 1 1 0= 0
'Tfﬁﬁul\f>ﬁ%i§%9 3 5| 2 1 G 0 0 0= 0
= 10 3 Gl 1 0 7 0 0 0= 0
11 4 5| 3 0 B 1 1 0= 10
12 4 7| 2 0| goal 5 0 1 -1 =
13 5 6 1 0
14 5 7| 2 0 (A FT2#HE]
15 5 8| 1 1 1> [E2] = SUMPRODUCT( D4:D19, E4:E19
16 f 8| 3 0
17 7 5] 3 0 {2> [H4] = SUMIF({ B$4:B$19, $G4, $§E$4 $E
18 8 7| 5 0 —[H4 e —L, [H4 11 21~ B 1+
19 8 9| 3 1

B 36 i + B (B
O & - #REE / S

optimal solution:
[1]—[3]—[5]—[8]—[9]
Objective Value:
2+2+1+3=8



Bx K5 % 5] ’E D 3K %
* gurobi & cplex T
< ZEm

—p274I)L
[ ]

minimize
3x12+2x13+5x15+2x24+5x25+ 2 x35
+1x36+3x45+2x47 +1x56 + 2 x57 + 1 x58
+ 3 x68 + 3 x79 + 5 x87 + 3 x89

subject to

x12 +x13+x15=1

x24 +x25-x12=0

x35+x36-x13=0

X45 +x47 -x24=0

X56 + x57 + x58 - x15 -x25-x35-x45=0
X68 - x36-x56=0

X79 -x47 -x57 -x87 =0

x87 +x89 - x58 - x68 =0

-x79 - x89 =-1

binary

x12 x13 x15
x24 x25
x35 x36
x45 x47
x56 x57 x58
X68

x79

x87 x89
end




Bx %2 % [ =B 0D 2K %
» gurobiTHE<

« FELV-HGR
optimal solution:
[1]1—[3]—[5]—[8]—[9]

Objective Value:
2+2+1+3=8

1:|Df]

eading time = .00 seconds
s Y rows, 18 columns, 31 nonzFeros
surobi> [m.opt imize()
urohi Otimizer verston o027 build +9.5.2rcl (winBd)
hread count: 10 physical cores, 20 logical processors, using up to 20 threads
et imize a model with 9 rows, 16 columns and 31 ronzeros
odel fingerprint: 0x283c1908
ariable tvpes: 0 contiruous, 16 intezer (16 hinary)
oefficient statistics:
Matrix range [Te+00, Te+00]
Objective range [l1e+00, He+00]
Bounds range [Te+00, Te+00]
RHS range [Te+00, Te+00]
ound heuristic solution: obiective 10.0000000
resolve removed 9 rows and 16 columns
resolve time: (0.00s
resolve: Al rows and columns removed

xplored 0 nodes (0 simplex iterations) in 0.00 seconds (0.00 work units)
hread count was 1 (of 20 available processors)

iy
Pest object ive 8.000000000000e+00, best bound &.000000000000e+00, gap 0.0000%
aurobi > RTS8

Yariable

%k
L
it
m. ObjYal
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» cplex THES

EELV=HEER

optimal solution: e hent o after 0.02 sec. (0.07 ticks)
[1]—>[3]—[5]—[8]—[9]

Objective Value:
2+2+1+3=8

Total (root+branchécut) 02 zec, (0,07
Solution pool: 1 solution saved.

HIF- - Ir|+--=--r ..;+|m1| solution: Objective = 8. ||||||||||||||||H+||||




B K5 % [ B D 3K i

THE< E

N
A2 A=) .
‘ul pip install mip /{,"lI:::: b
% F 5
— ) J '
— SPMDECIN 1 < S 7 >'
- =L < 1 &)
o0 ERKRBERTE \

o amatplatlib inline
import matplotlib.pyplot as plt 4
import networkx as nx \6/
G = n.DiGraph()
G.add nodes fromi[1,2,3,4,5,6,7,5,9])
G.add_weighted_edges_from([i(1,2,3),01,3,2),01,5,58),(2,4,2),(2,5,5),(3,5,2).(3,6,1).,

(4,5,3),04,7,2),06,6,1),(0,7,2),05,8,1),0(6,8,3),(7,9,3),(8,7,5),(8,9,31])

pos = {1:00,3), 2:01,4), 3:01,2), 4:(2,58), 6:(2,3), B:i(2,1), 7:03.4), 8:03,2), 9:(4,31}
edge labels = nx.get edge attributesi(G, “weizht’)
nx.draw_networkx _nodes (G, pos) b tmE: 5, SOAE
nx.draw_networky labelsiG, pos) B e oSl
nx.draw_networkx_edgzes(G, pos) TR
nx.draw_networky edge lahels(G, pos, edge labels) § 3mE : SOEA

plt.show()




B K5 % [ B D 3K i

2% Python-MIPZEF| AL TO-1 B8 2 5% @

EIZEXIEL TEELNTLYSHY, NetworkX D

—SPOD‘E h2 (FE1E)

shortest_path(G,...

) FTHROTILRL

from mip.model import #

I, = [1,[]
for Ci,j) in G.edges():
I.appendlil, J.append(j]
b =1[1,0,0,0,0,0,0,0,-1]
m = Model ("spex!™) # EFIL.D5EFE (BEFEGIRE

% = [[m.add_var (var_tvpe="B",

for k in G.nodes():

m.-optinizel) # @Bk CGRkEF) DEiT

IIII f EAEPEC ) 2 AN

spath.appendi (i,
print (“EoE{E:"

» m.ohiective_value,

. m.ohjective = minimize(xsum(Goadj [i]1[J] [ weight '] *
E Ik -

=S A% [ if m.status.value==0: # B L, BEERLSRE - %S
"’Eﬁ'"F spath = [] § R (AR O
print (“EIERE: ") } AR T
%5@“‘5 for fi.0) in G.edges():
—_ if H[i][J]-H—:1
DR T o It B 1= 7, x[i10i].x)

lb=0, ub=1) for j in J] for i in I] # EHES : BEEHEN0A]
x[i10] far Ci.0) in G.edzes())) # BERAE : &I

m+= xsum(x[i1[i] for (i.i) in G.edges() if i==k) - wsum(x[il[i] for (i,i) in G.edzes() if j==k) <= hlk-1]

) 2 FFER L

“=", m.objective) §# BERSH{EF*FRT

[ FERE: else: B oL, RERE KT SIS
«[1,31= 1.0 print (* error: FOEARIIRF U EFRFATLEY) § 15 —H wi—%EkT
«[3,65]1= 1.0
«[ 5 ,8]1= 1.0
«x[ 8 ,8]1= 1.0
EoEiE: 8.0 = + 3.0var{18) + 2.0var(19) + 5.0var(21) + Z.0var(36) + S5.0var(37) + 2.0var(53) + wvar(54) + 3.0var(B8) + 2.0var(71) + va



B K5 % [ B D 3K i

— SPO)_EL3 (FERDOEH )

GR = G.copyl)

ni.draw_networkx nodes(GR, pos)

nx.draw_netwarkx labelsi(GR, pos)

nx.draw_networkx edges(GR, pos, edege color=ecol)
nx.draw_networkx edege labels(GR, pos, edze labels)

GR.add_edzes_from(spath, color="red”) i BIEREORETREC
ecol dict = nx.get_edege attributesiGR, “calor™)  # #HOBEEMEFES
ecal = [ecol_dict[p] if p in ecol_dict else "lighteray’ for p in G.edzes()] # FFERELIAOE: EE R

plt.show) E

Objective Value:
2+2+1+3=8




AR maximum flow problem

« )T Z7G=(V.E)ER(ij) EEL DB = (capacity) U, MNEZLNT
VD, RA—ihm (m1) v —)lxi’mf(59)$f%0)’i—um?’&
g', /)ILE?b\E_j(tf&é/ﬁh(E_jtull.)g;k&')f’b\

2T N
\\@/\

2 "4

*312(1 ]) Lull._d_/ ILE



ij)lLFEﬁiLd)E_Ht

. R 'Es'ciﬁﬂz;‘fl’é:é:"‘)wt(E‘Ht)
M, I

Exsj ijs s__) Ki(ij) SEIZHn R

JEV JEV
N

Exu Ex]l—O (VielV\{s,t}) ™ \T‘

JEV JEV

0 < x; Sul]\ (Y (i, ))EE)

RINLDFHEDH RINDFTRAZD

\\\

1DHDHHNRE, REERFHZRT. Blb, start/goal IS DIEED RilZDULVT
[HINEDHREEDFHIEIRINDRAEDIIEOEIOGRERTE) THS
(s[start]/t[goall [T ERFHIFIMN RN NS EITER)

BRIBRIE Rs[startl DI TEHEDFHERAEDHIDE IZRKRIETHI LTS



X N o] &8 0D 3K fi7

o ExcelV )L/ \—THEL(JLER D)

Al B C D |E| F G H I J K L M N
1 AR FEIRE Maximum Flow Problem ==

2 WHESE =i VooomdF A A F-GA A F

3 i J X jj M i i i X ;i Xj LXxyg — Lijxg

4 1 o = 2 start| 1 0 al  rmax al

5 1 3 = 2 2 0 0 0= 0
G 1 5 = 1 3 0 0 0= 0
7 2 4 = 1 4 0 0 0= 0
8 2 5 = 3 5 0 0 0= 0
o 3 5 = 5 i 0 0 0= 0
100 3 ; = 2 7 0 0 0= 0
11 4 5 = 1 B 0 0 0= 0
12 4 7 = 3 goal 5 0 0

13 5 ; = 3

14 5 7 = 5 ENAEESE &

15 5 g = 3 1> [14] = SUMIF{ B$4:B%19, $H4, $D$4:$D%19)
16 f g = 3 —[I4 &3 —L., J4:4 2]~ B&) 11+

17 7 5 = 2

18 g 7 = 5 {2> [L4]1 =14 - M4

15 g 5 = 2 —[L4FFa —L, [Le:1 2]~ ARt




X N o] &8 0D 3K fi7

» Excel THEL

()L N—

XL

Y- ZA-5-

ETLoEE:(T) 5L54) *
EEE Q2AEM) O SMEN O EEE: (V) 0

TFErILOEE:(B)

s0%4:50%519 *

BIHIEHON S (U)

$D3%4:5D%19 <= $F$4:5F519 ENN(A)

£D3$4:50519 == 0

$L55:61$11 = 0 =5(0)

BIER(D)

FATUwHR)
SHAMFEE(L)

(] Bz EEEIEERCTA(K)

?E;%Hifﬁiﬁ: T3 LP w AT<a3(P)

ERaE

BSLRIEREETY VLI -FBICR GRG IR T, SRR VILI—BECE LP 207
LahZ Iooo, BsHTRRVIESRAERT VI —BRCR TN -3 I “}EJ.“{HL:T_'{
fZEle

(]

AJLI(H) BR(S) FHL3(0)
| |




= st = Al B | G D |E| F | G | H I J K L I
D4 Fﬁ E 1 | EAe]RE Maximum Flow Problem oEs
EZ ; : JILIHE =, dsar T8 Vol A TR RN

3 i J X I ;; i T Xy T Xy Lixg — XXy
. 4 1 o 1lz 2 start| 1 4 0l max 3]
1 N 3 1 3 2|z 2 2 1 1 0 =
¢ EXCG'/)I//\ 5 1 s 1] 1 3 2 2 0 =
7 2 4 1= 1 4 1 1 0 =
—C\:ﬁ”L\T’%ﬂ:%E 2 5 olz 3 5 3 3 0 =
£|= ~ I'"[F 3 3 5 2= & § 0 0 0 =
10 3 f N 7 2 2 0 =
11 4 5 o= 1 g z z 0 =
12 4 7 1= 3 goal e 0 4
13 5 § ol = 3
14 5 7 1{= 5§ [T EE])
15 5 g 2= 3 > [14] = SUMIF({ B$4:B%$19, $H4, $§D$4 §I
16 G g ol= 3 — 47 —L, 4.0 21~ B8 1+
17 7 5 2l= 2
18 A 7 ol= & {2 [Lal=14 — A
15 8 e 2l= 2 —[L4FFaE —L, [L5:L1 2]~ BEJ 11+

B 36 i + B (B

DI RIE / g

Objective Value:
1+2+1=4




X N o] &8 0D 3K fi7

* gurobi & cplex T

iz < HE
—lp77AIL
[ ]

maximize
x12 + x13 + x15
subject to
x24 + x25-x12=0
x35+x36-x13=0
x45 +x47 -x24 =0
X56 + X57 + x58 - x15-x25-x35-x45=0
X68 - x36 -x56=0
X79 -x47 -x57-x87=0
X87 + x89 - x58 - x68 =0
bound
x12 <=2
x13 <=2
x15<=1
x24 <=1
x25<=3
x35<=5
x36 <=2
x45 <=1
x47 <=3
x56 <=3
x57 <=5
x58 <=3
X68 <=3
X79 <=2
x87 <=5
x89 <=2
end




EET'Lj(ulLFnﬁiLO)*ﬁfF

zurobi[ m = readl mf_ex].lp
Eeag LP Igrmat Eoggi Tr@de|ie mf_ex]. |p
. = 7]< gading Time = U UU seconas
® *ﬁ 27 rows, 16 colunns, 27 nonzeros
gurObI L.I: m.opt imizel)
i bptimzer verston 9.0.2 build +9.5.2rc) (wingd)
Thread count: 10 phwsical cores, 20 logical processors, using up to 20 threads
Oetimize a model with 7 rows, 16 columns and 27 nonzeros
Mode| fingerprint: Ox1f836c96
COﬁfiicient StatiStE?S:UU 1 +00]
7] atrix range etll], let
ﬁL'I:L\T" %E% Objective range [1e+00, 1e+00]
- Bounds ranee [1e+l0, Se+l0]
RHS range [0e+00, 0e+00]
Frezsolve removed (0 rows and 1 columns

Fresolwve time: 00.00s
Fresolwved: 7 rows, 1% columns, 26 nonzeros

[teration Object ive Frimal Inf. Oual Inf. Time
(0 H.0000000e+00  6.000000e+00  0.000000e+00 (s
7 4.0000000e+00  0.000000e+00  0.000000e+00 (s

Solved in 7 iterations and 0.00 seconds (000 work units)
ohiect e A OOOOO0O00e+00

m.printdttrl ) )

%13
%15
i
x3h
b
w7
pae
Y e
*5H
lm.Ubgval

PO — D — — [T —L




X N o] &8 0D 3K fi7

» cplex THES

EELV=HEER

[teration log . . .
[teration: 1 Dual chiective

ole Mame Solution Yalue

A | other variables in the range 1-16 are 0.



B N it o] 28 0D 3K i

© ~rir install mip
— MFDEC1R 1
J5TFE

THES
A2 AR—

=

RQIRAERTE
amatplat lib inline

import matplotlibh.pvplot as plt
import netwarkx as nx

G = nx.0iGraph()

G.add nodes fromi[1,2,3,4,5,6,7,5,9])

G.add weighted edzes from([(1,2,2),01,3,2], ( 20,10, 02,41
(4,5,1),04,7,3),05,6,3),(5,7,5),(5,8,3),(6,8,3),(7,9,2),

pos = {1:00,3), 2:01,4), 3:01,2), 4:(2,5), 5:(2,3), B:(2,

edge labels = nx.get edege attributesi(G, “weizht’)

nx.draw_networky nodes(G, pos, node color="teal’)

LS
M
X

draw_networkx_labels(G, pos)

draw networkyx edges(G, pos)
draw_networky_edze_lahels(G, pos, edze_labels)
plt .show ()

T
f 15
B 1
f 15

Ef B [E [

'ﬁ@?”\)b

]
P ROEA (F

2)

, B:04,3)1




HETILj(uu.FDﬁLOD ;kﬁﬁF

— MFUD_EJ_Z(E_UB)

2% Python-MIPZEF| AL TO-1 B8 2 5% @

EIZEXIEL TEELNTLYSHY, NetworkX D

maximum_flow(G,...

) FTHROLTILRL

E b

BN
4y

il

S H
it fes v (ot
TaF

N
7’

from mip.model import *

I,J = [1.[]
for (i,i) in G.edzes():
I.append(i), J.append())

Model ("nfex!™) # FFIDEETE (BN fE1RE)

fit

¥ = [[m.add var(var_tvpe="C", |b=0) for j in J] for i in 1] # EHTE : &7000EFER)
m.objective = maximize(xsumCx[11[j] for (i,]) in G.oedges() if i==1) -

for k in G.nodes(J)-{1,9}:

mo+= wsumlx[i][J] for (i 0) in Geedges() if i==k) - wsumCx[il[i] for (i,J) in G.edges() if j==k) ==

for (i,0) in G.edges():
mo+= x[i100] <= Geadi 10T [Mweight™] 8 FF02 @ S BT E

m.optimize() § &aE{l CREF) OEiT

B oL, BB SKE - i

if m.status.value==0:

<#ER>

0 #

ssum (x[i]100] far (i,i) in G.edges() if j==1))

o &=
= ALy

nflow = [] R (EERE) D ) 2 TR
print (" ERIERE: ") f FElFEFor [ miEAF:
for (i,J) in G.edges(): L1, 2]= 1.0
if wlil10i].%>0: (1,3 1= 2.0
orint ( x[7,1,7,7,3,71 = 7, x[i11].x) SRS E R
uf low.agpend ((1,))) § FATD 2 FES P T
print ("FRIE{E:", m.objective_value, "=", m.objective) § BEIRSHL :[ 4.5 ] I
else: B oL, EERSREST oS o[ § : 71= 9.0
. print(7 error: BRERRIESREY FRATLE") § T5—H w2—/% «[F.81= 2.0
[ 7, 8]1= 2.0
x[ 8,9 ]= 2.0
FEE: 4.0 = + var(18) + var(19) + var(21]



HETILj(uu.FDﬁLOD ;kﬁﬁF

—MFDEEHR3IFEE D

y

),

GR = G.copy()

GR.add edeges fromimflow, color="hlue’)
ecol _dict = nx.get_edze_attributes(GR, “color™)
ecol = [ecal dictlp] if p in ecol dict elze

far [i,j) in GR.edges():
GR.adi [iJ0i 10" weight™ = x[i10i].»

edge_labels = nx.zet_edge_attributes(GR, “weight™)

.draw_networks_nodes(GR, pos, node_color="teal’)

ft
.draw_networkx labels(GR, pos) i
ft
#

M
n
nx.draw_networkyx_edeges(GR, pos, edge_colorzecol)
nx.draw_networkyx edge labels(GR, pos, edze labels)
plt.show()

f EAOEEFRRIC
f mOBEEE TS

"|ight gray

" far p in G.edzes()] # EFUHLIADEFEREIC

Objective Value:
1+1+2=4




/N Y S RE minimum cut problem

« )T Z7G=(V.E)ER(ij) EEL DB = (capacity) U, MNEZLNT
N3 RA—FE(HDESDAESES, T—L A (E)EED
REBZTEL, RE vésan 25 BLT=L.

1=4{4,5,7,8,9}

; 2
S:{1,2,3,6} \6

SETZF-CH(SDESTORAANDHER) DREESZESTHYREEL A
BEMm/MNEbSTHhYRN RO SRIEZ=R/NMNDYRREIREE LA

STHYbF={(2,4),(2,5),(1,5),(3,5),(6,8)}, STHAYFDE=ZE=13




/N Y S RE minimum cut problem

« )T Z7G=(V.E)ER(ij) EEL DB = (capacity) U, MNEZLNT
N3 RA—FE(HDESDAESES, T—L A (E)EED
BMESETEL, AEAVESETI2ZAE|LLY.

1=4{4,5,7,8,9}

5{1236\32/7/33\‘8’ /%
—2 | 3 ¥

2/'/’4

(b))
e S .
* X & Vi Yj
0-1ZHYy, - R i DNEBSICTEENDELEZ]L, TITEENSHEEO
0-1E 2, #3‘2(1 J) DSTHYRMZEENDFEL], ED7EK0



/Ny REIRED E L

o O-1EFmBEILEICKDETIVIE(ERHL)

min. Z UjjZij

(i,))EE
st Vi—YViSZij (VGLHEE) D =1y -0
y. =19, =0 2 DEEFITz; = 1zE &
. ZFNLSNEE B (=1L,
zi; €{0,1} (V@ )HEE) B HR &Yz, = 0 12)
y; € {0,1} (Vi€V})
HFDODE K
- 1 1 - Oorl
B (i) D l (ZZ,J) 2 10 > 1
STHv Vi Y y] 0 1 > Oorl
@i%é O 0O - Oorl



=&=/NYRREIRED E L

* Excel~Datih
A B C

D E F G H I J KL Iyl I 0 PO
1 Ee]vHw b FE1R8 minimum cut problem SThyt H8

2 HEGV FESE TE rrin. sk Hll§ A A= ST = HE
7] i Vi i j I Z3 ViV

4 1 1 2 2 1 = 1
5 2 1 3 1 2 =0
f 3 1 3 2 3

7 4 2 4 1 4

8 5 2 3 3 5

o G 3 3 5 G

10 7 3 f 2 7

11 8 4 3 1 8

12 5 4 7 3 g

13 5 f 3 10

14 |2 49—} 5 1 5 7 5 11

15 | d—Il-. & 5 5 8 3 12

16 f g 3 13

17 7 o 2 14

18 8 7 5 15

19 8 f 2 16

20

21 (AT 2]

22 H$#1D [M4] = VLOOKUP( E4, B§4.C$12, 2, FALSE ) — VLOOKUP{ F4, B$4:C%12, 2, FALSE )
23 —[Md PO — L, (S0 9]~ BE) 1+

24

25 H$#1® [04] = VLOOKUP( B14, $B$4:8C$12, 2, FALSE )

26 —[04FEar —L, [O5]~ BEW -+

27

28 BeE#E [w2] = SUMPRODUCT( G4:G19, H4:H18 )




=&=/NYRREIRED E L

e /)L /N—

=JLr—
axX A

VILI-DISA-5-

B8t OEE: (T) 5152

B&E: OEREM) @FMEN O EEE:(V) 0

EHCILOEE:(B)
$CH4:3C512,5H54:5H519

BIFIEAROE SR (U)

$C54:5C512 = J4 1
$HE4:$HS19 = Ji4FU
EMELEMELD == $HE4IEHE1D
$054:5055 = 5Q34:50355

(] #$90RVESEIEERIT3(K)

%&Hﬁﬁﬂ}ﬁiﬂ: LI LvhZ LP

- EE Y
ESHRIEERTRI VIL/(—BECE GRG IHERI
i

AJLT(H)

BIE(D)

FATUTYHR)

Fanda/RE(L)

[

I+

S, EREERTVIL-BECR P 2T
LaliZ I3, o TRRVIEERERTVIL —BBEE T —2ah— 120 EBERL T

BR(8)

FIL3(0)




A B o O E F G H [ J K. L Ml

= 1 et FE1R8 minimum cut problem STHwt B8
E— /J\ jj \\J I\ Fﬁ 2 BEEV BEAE TE rin | ] Frwt H
Z n 3 ' Vi i | my Zij Vi<¥;

i J if
4 1 1 1 2 | 2 0 1 0
5 o 1 1 3| 2 0 2l 0
» i 3 1 15 | 1 0 3 0
\ l/ \
® EXCG'/) /\ 7 4 1 2 4 |1 0 4l 0
A 5 1 2 5 | 3 0 5 0
3 JJL\ _ 4+ 9 i 1 3 5 | 5 0 é 0
e ~1ha 10 7 1 3 6 | 2 0 7l o
11 A 1 4 5 | 1 0 ] I
12 ) 0 4 7| 3 0 =] Y
13 5 6 | 3 0 10/ 0O
14 | Z8—-Fg5] 5 7| 5 0 11 0
15 d—Ib=] 9 5 8 | 3 0 12 0
16 6 8 | 3 0 13 0O
17 79 |2 1 14 1
15 5 7|5 0 15 0
15 5 9 | 2 1 16 1

AR BB,
T - #5E

Objective Value:
2+2=4

5={1,2,3,
4,5,6,7,8}
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minimize
2x12+2x13 +x15+x24 +3 x25+5x35+ 2 x36 + x45
+3x47 +3x56 +5x57+3 x58 +3 x68 +2 x79 +5 x87 + 2 x89
subject to
yl-y2-x12<=0
yl-y3-x13<=0
yl-y5-x15<=0
y2-y4-x24<=0
y2-y5-x25<=0
y3-y5-x35<=0
y3-y6-x36<=0
v4-y5-x45<=0
v -y7-x47<=0
y5-y6-x56<=0
y5-y7-x57<=0
y5-y8-x58<=0
y6 -y8-y68 <=0
y7 -y9-x79<=0
y8 -y7-x87<=0
y8-y9-x89<=0
yl=1
vy9=0
binary
x12 x13 x15 x24 x25 x35 x36 x45 x47
x56 x57 x58 x68 x79 x87 x89
yly2y3vy4y5vy6y7y8y9
end




% /Ny R RE D 3K 7
e gurobi CTHE<

suroh i |moprintdttrl ¥ )

Yariable

—

i
zurobiy L Ohiia |

4.0

zurobiz{m = read(mc_ex1.lp’)
Read LFformtmodet—rom Tte mc_ex]. e
Reading time = (.00 seconds
: 18 rows. 26 colupns, B0 nonzeros
zurobi>| m.oopt imizel)
Gurohi BEtim=er verston o002 build +9.5.2rcl (winB4)
Thread count: 10 phyvsical cores, 20 locgical processors, using up to 20 threads
et imize a model with 18 rows, 26 columns and 50 nonzeros
Mode| fingerprint: OxbeGd6T14
Wariable tvpes: 1 continuous, 25 integzer (25 binary)
Coefficient statistics:

Matrix ransze [1e+00, 1e+l0]

Obiective range [le+(0, He+0]

Bounds ranse [Te+00, Te+(0]

RHS ranze [Tet(0, Te+lD]
Found heuristic solution: obiective 5. 0000000
Presolve removed 11 rows and 18 columns
Fresolve time: 0.00s
Fresolved: 7 rows, 8 columns, 17 nonzeros
Variable twvepes: 0 contiruous, & integer (8 binary)

Root relaxation: ohiective 4.000000e+00, 2 iterations, 0.00 seconds (0.00 work units)

Modes Current Mode Object ive Bounds W rle
Expl Unexpl Obi  Depth IntInf | Incumbent BestBd  Gap | [t/Node Time

k0 I (0 4.0000000  4.00000 0.00% - s

Fxplored 1 rnodes (2 simplex iterations) in 0.01 seconds (0.00 work units)
Thread count was 20 (of 20 available processors)

Solution count 2: 4 5

Optimal solution found (tolerance 1.00e-04)

Best objective 4.000000000000e+00, best bound 4.000000000000e+00, gap 0.0000%




CPLEY> read mc_ex]. lp

Problem me_exl. e read.
=l W =rsWaeac tine = 0.00 sec. (000 ticks)
JIN\ J - [ Sl
E PR i ier 12.10.0.0 | 2079-1126 | 343didedac

Tried agzgrezator 2 times.
MIF Fresolve el iminated 5 rows and 11 columns.
MIF Presolve added 1 rows and 1 columns.
- 4273 Lezregator did b subst itutions.
() Cplex i S L-I: Feduced MIF has 9 rows, 11 columns, and 23 nonzeros.
Feduced MIF has 10 biraries, 1 zenerals, 0 5035, and 0 indicators.
Presolve time = 0,00 sec. (0.04 ticks)
Found incumbent of walue 5.000000 after 0.00 zec. (0.05 ticks)
Probing time = 0.00 sec. (0.00 ticks)
[ried azzrezator 1 time.
Detect ing symmetries. ..
MIF Fresolve eliminated 1 rows and 1 columns.
pa \ . - MIF Fresolve added 1 rows and 1 columns.
® L‘I: iha Feduced MIP has 9 rows, 11 columns, and 23 nonzeros.
S Feduced MIF has 10 binaries, 1 generals, 0 S05s, and 0 indicators.
Presolve time = 0.00 zec. (0.02 ticks)
Probing time = 0.00 sec. (0.00 ticks)
Clicue table members: 5.
MIF emphasis: balance optimality and feasibility.
MIF search method: dwnamic search.
Faral lel mode: deterministic, using up to 4 threads.
Foot relaxation solution time = 0.00 sec. (0.02 ticks)

Modes Cuts/
Mode Left Objective [Inf Best Integer Best Bound [tCnt Gap

;| g
CPLEX> d =0 v - * . . .

- 00 cutoff 470000 470000 5 0002
Incumbent solution 0 cutoff 470000 470000 50,002

. : 0
Variable Mame Solution Value Flapsed time = 0.05 sec. (0.12 ticks, tree = 0.01 MB, solutions = 2)

v 1000000
A 1000000 Foot node processing (before béc):
F% }.888888 5 Re?l Eigg 4 e = 0.05 sec. (0.12 ticks)
% . aral le c, reads:

Real ti = 0.00 L (0.00 ticks)
i% }:888888 ﬁiag i;m: Eaverage% = 8.88 2:2. i
v 1.000000 alt tine laveragel = V.UV SeC.
yg 1-888888 Total (root+branchécut) = 0.05 sec. (0.12 ticks)
i .
W 1.000000 Solution pool: 2 solutions saved.
Al other wvariables in the ranze 1-26 are ().

MIF - Intezer optimal solution: Objective = 4.0000000000e+00
Solution time = 0.0% sec. [terations = 5 HNodes = 0
Deterministic time = 0,12 ticks (2.5% ticks/zec)

CPLER> o
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THES
A2 A+—

/'2\ 1 >?\
‘ul pip install mip T o e I <
_ IJHXH, 1 M\N?L5 Hfff e \\\"9
— MCO R 1 AN
T 27 ERIZHERTE o A

o ¥matplaotlib inline < e

import matplotlib.pyplot as plt ‘\H\‘ - J;H’;

import networkx as nx b

G = nx.DiGraph()

G.add _nodes from([1,2,3,4,5,6,7,8,9])

G.add_weighted edeges from([(1,2,2),01,3,2), ( .10, 02,4,10,02,5,3),03,5,5),(3,6,2),

(4,5,1),04,7,3),(5,6,3),(5,7,5),05,8,30,(6,8,3),(7,9,2),(8,7,5),08,9,21)
pos = {1:00,3), 2:01,4), 3:(1,2), 4:(2,5), B:(2,3), G:(2,1), 7:03,4), 8:03,2), 9:04,3)} #§ SESOUEEESTE

edge labels = nx.get _edege attributesi(G, “weizht™)

draw networkx nodes(G, pos, node color="pink’) EI
draw_networkx_labels(G, pos)

nx.draw _networky edges(G, pos)
nx.draw_networkx_edee labels(G, pos, edze_labels)
plt.show()
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= H 7] 3% Python-MIPEFIFL Co-1 B ¥ G =
\ y
HX IJ \ jj ‘J I\ Fl:ﬁ LE d) * ﬁq: B IZERIEL THELYTULNS DY, NetworkX

@ minimum_cut(G,...) FTHWTHELY
= =0 from nip.model import *
-~ MCDFCIR2 (&

I.J = [1.[]
for (i.j) in G.edges():
I.append(il, J.append(j)

m = Model (“mcex1”™) § EFIDEETE (B FoleE)

[z = [[m.add_var(var_type="B", Ib=0, ub=1) for j in Jd] for i in 1] §f TS : B0
y = [m.add_var(var_type="B", Ib=0, ub=1) for v in G.nodes()] t ZHEE &
m.ohjective = minimize(xsum(Geadi [i10J ] [T weieght '] ® 2[i]1[i] for (i,]) in G.edges()])

;'_E;T;t'”: —~  for (i,5) in G.edges():

mt= w[i-1] - w[i-1] <= 2[i10i] # S0 8THw b GRy [[OFEAFER)
m+= y[1-1] == 1 B #2 : source=|
m+= v[9-1] == 0 B #1513 1 sink=9

m.optinizel) # @l CGRkEF) DEiT

if m-status.value==0: # L., FEoERFHCKE - 72705
meut = [] B f v h b (BRSO ) 2k $TER L
print (CRoERE: ") } EnERE TR

. for (i,j) in G.edges():
> 02 i iF 2010 x == 1:
t print (7 z2[70,7. 70,71 = 7, 2]l ]«
= —~ meut cappend(Ci,i)) # & +H- RO 2 FERIS
Hiﬁﬂ_ﬁ for v in G.nodes():
—. if wlv-1].% == 0:
- O)ﬁl t print (7 v [Tow,7] = 7 wlv-11.x) -
= %Jt@§¢ 01 - 1.0 print ("EOE{E:”, n.objective_value, "=", m.ohjective) §} BEREHIETFT
z[ q ' ' ; 1:[' else: L, EEREDRE ST 70s
vl g j - 0.0 L print(” error: FEOERFIIREW EFEFATLE) # 35— wT—3%HKTE
EEfE: 4.0 = + 2.0var(18) + 2.0var(19) + war(21) + war(36) + 3.0var(37) + 5.0var(53) + 2.0var(54) + var(B9) + 3.0var(71) + 3.0var (8
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GR = G.copyl()

GR.add_edzes_fromimcut, color="red’)

nx.draw_netwarkx_labelsiGR, pos)

n¥.draw_networkx_edgze_labels(GR, pos
plt . show()

ecol dict = nx.gzet edge attributesi(GR,
ecal = [ecal _dict[p] if p in ecol_dict else

“color™)

nx.draw_networkx_nodes(GR, pos, node color="pink”)

ny.draw_networky edgesi(GR, pos, edge color=ecal)
., edze_lakels)

"ight gray

§ &A1 FORFERRIC
§ IO BB ERIF

"for p in G.edzes()] § B0 F LIAOREEBENRIC

Objective Value:
2+2=4

: o, olfug, 2D
1 B
D i, DR
: D E A
™
.
L a
1
o 5
3
=




[ 2] R RiRERNDYDEIFR

¢« N7

5 /N Y REE (max-flow min-cut theorem)

> th) RRIA—MNFEET BEE,
mAnE = m/IHVvEE=E
(BHOBIETIX, [RRKRE 4] = [R/DMHYFEE 4] T

» RRABEZEEBEP)ELIZESE, RDMDYMEENR
*t ERE(D) &7 B
> JRATO— /WMDY EEF, T EEOREHRT— X

o« Bt EHE (

Duality Theorem)

> th) LPM 3

- [HRE(P) &R EIRE(D)ME B HEEITRIEERL D, LY

INtRBEREFORBEN—ET S



/N Y S RE minimum cut problem
.« JEE)YJTTG=(V,E) [ZDUVT, s=1,t=7 DER/NHDYRERD &L




E%/J\%Fﬁiﬁ FlzﬁEE minimum cost flow problem

B
- 158
7 57G=(V,E)ER (i) EELED EBE (capacity) u, NEZ LN TS

BEZon-FERNEEL DG EEE-9Io0—%E 25
E1TRIRELZ 7 0—flowDHYHL TEHAR/INEELSEDEKRDO L

[)Eﬁ\ 2IEI2 ] LPIZE X 1EL T Excel Solver TR EH &
(LPZ7AILTERILZTELKY, Excel DAMNERIEHE)



w/NERARBREDE R 1b &K 7

15|78 : T T AE 151 EREH, (5, () SERNAHE
min. z CijXij
(i,J)EE

S.1

xij— ) x;=b; (Vi€)) @

JEV JEV .

0<x; < uiyj\ (V(E,))EE)

RINoDFEHEDH RINDRAZDH

MERFHHNODEDELN b, DIEIFLLTOEY
I HIEVIZDNT b,.=%0),'f—:'-\0>1¢tn’-a§
FTEHICVIZDONT —ZNDRDEE=S
TN DEIiSVIZDLNT b O(umiﬁﬁ)



w=/NEAREREDENE

e Excel~Dzaduh

A B C D E F G H 1 J K L i I O =
1 B8 = EH =§: 4

2 BESE min | VoOREE FAG i F0- A FD

3 i 7 €y X i capacity i Zi X Zi Xji Lixy — Lixy S B His
4 1 3 2 = 30 g 1 = B0
5 1 4 3 = 40 g 2 = 60
f 2 3 1 = 20 3 = 0
7 2 4 2 = Q) 4 = 0
g 3 5 1 = 40 3 = 0
e 3 f 3 = 20 f = 0
10 4 f 5 = Q) 7 = 0
11 4 7 2 = 30 g = 0
12 5 f 1 = 20 e = 0
13 5 8 3 = 30 =5 10 = -35
14 f 7 1 = 20 =5 11 = -45
15 6 8 2 = 40 TE 12 = -30
16 6 2 3 = 30

17 7 2 2 = 40 (AT EE]

18 g 10 4 = 40 > [K4] = SUMIF{ B$4:B6%24, $.4, $E$4 $E824)
15 8 11 1 = 10 —[K4FEa —L, [K4:L15]~ B&J 11+

20 8 12 3 = 30

21 5 g 1 = 10 {2> [N4] = K4 - L4

22 5 10 2 = 20 —[M4FEaE —L, (WSS~ A5 11+

23 5 11 2 = 40

24 o 12 2 = 20 ERigle k- [E2] = SUMPRODUCT( D4:D24, E4:E24 )

AR




=/NERARERBOEXIE

)L /N —

=L =
axX A

Y-S A-5—
ENTILOEE:(T) £E$2 +
E&E: OSrEM) ®FMEN O BEE: (V) 0
EErILOEE:(B)
SES4:SES4 *
HFIEHOTER: (L)
SES4:5E524 < = $G54:5G524 Eh(A)
SES4:$E$24 >= 0 —
$NE4:5NE15 = $P34:5P§15 ITrE(C)
BIE(D)
FATUPYHR)
A dMRT(L)
L] Bl#oia ESEIEB ST 3(K)
ERAEOER: | T LA LP v AT23(P)

(E)

BERAE
BSHRIERFERT YL —BEICZ GRG 3BT, BFERT VI -HECR LP 22T

LalZ I, BehTREBVIEEHER T VL -BRACRTR1- 23— I3 aERL T
el

AILI(H) FR(S) RIL3(0)




i /e AR [l #8 0D 3K #%

e Excel¥/ )L/

\—THEELV=#ER

B R e I s T e B2 B O R e e T e IS LS B e A B

iy =] o B E F =
=/ &8 el A= 4z
FESE rmin
i J i X 5 capacity
1 3 2 30| = a0
1 4 3 20| = 40
2 3 1 20| = 20
2 4 2 40| = &0
3 o 1 40| = 40
3 6 3 10| = 20
4 6 5 30| = &0
4 7 2 30| = a0
o ] 1 20| = 20
o a J 20| = a0
] 7 1 10| = 20
] a 2 20| = 40
] a J 30| = a0
7 a 2 40| = 40
g 10 4 15| = 40
g 11 1 10| = 10
o 12 3 15| = 20
g i 1 0 = 10
g 10 Z 20 = 20
g 11 Z 35| = 40
o 12 Z 15| = 20

H

Hia
Hia

5o
m

B
5o
m

H R #

J k. L i M i P
=8 s
it ok | TN i F 0= AFD
i I Xy Xy Lixy — L Xy = Eh {H s
1 50 0] RO = B0
2 G0 8] 60 = 318}
3 50 50 0 = ]
4 G0 60 0= ]
) 40 40 0= ]
5 G0 60 0= ]
7 40 40 0= ]
g 40 40 0= ]
= Fis Fis 0= [
10 0 15 —-35 = —35
11 0 45 —-45 = —45
12 0 a0 —30 = —30
[A DT 2]

1> [K4] = SUMIF{ B$4:B%24, $ M4, $E$4:$E824)
—[K4TEa —L, [K4:L15]~BEJS T+

2> [M4]

— K4 - L4

—[MATEOE —L., [NS:M15]~ BEY T

[E2] = SUMPRODUCT( D4:D24, EA:E24 )
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» gurobi & cplex THEEER
—1pZ74IL [ ]

minimize

2x13+3x14 +x23 +2x24 +x35+3x36+5x46+ 2 x47
+ x56 + 3 x58 + x67 + 2 x68 + 3 x69 + 2 x79
+4 x810 + x811 + 3 x812 +x98 + 2 x910 + 2 x911 + 2 x912

subject to

x13 +x14 =50

x23 + x24 = 60
x35+x36-x13-x23=0

x46 +x47 -x14 -x24 =0

x56 + x58 -x35=0

X67 + x68 + x69 - x36 - x46 - x56 =0
x79 -x47 -x67 =0

X810 + x811 + x812 - x58 - x68 - x98 =0
X910 + x911 +x912 - x69 -x79=0
-x810 - x910 =-35
-x811-x911=-45

-x812 -x912 =-30

bound

x13 <= 30
x14 <=40
x23 <= 20
x24 <= 50
x35<=40
x36 <= 20
x46 <= 50
x47 <= 30
Xx56 <= 20
x58 <= 30
x67 <= 20
X68 <= 40
x69 <= 30
x79 <=40
x810 <= 40
x811<=10
x812 <= 30
x98 <= 10
x910 <= 20
x911 <= 40
x912 <= 20

end
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using up to 20 threads
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zing dual steep norms . . .
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b | other variables in the raage
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A2 RXAM—)L & MCFDEEHR 1 (F57%

pip install mip

&/REER )

, dmatplatlib inline

import matplotlib.pyvplot as plt
import netwarkx as nx

G = nx.DiGraph()

nodes = [(1, {"ds’:B0}), (2, {"ds’:60}),
(3,{’d5’:0}35(4,{’d5’.ﬂ}] (5,{’d5’ 0p), (6, {7ds™:0}), 07, { ds":0}), (B, { ds’:0}), 08, {ds":0}),
(10, {’ds’:-35}), (11,{ ds’:-45}), [ . 17ds’:-301)]
edges = [01,3,{ cost "2, 'capacity ™ 230}), 00,4, { cost " 13, "capacity " 240} ),
(2,3, { cost "21, "capacity " :20}), (2.4,{ cost’:2, capacity’:00}), (3,5, cost’:1, capacity’:40}),
(3,8, {"cost ":3, "capacity 22010, (4,6,{ cost 5, capacity’:R0}), (4,7, { cost’:2, capacity 13010,
(5,6, {'cost "1, "capacity " :20}), (5.8, { cost’:3, capacity’:30}), (B.7,{ cost’:1, capacity’:20}),
(6,8,{ cost 22, capacity :40}), (6.9,{ cost’:3, capacity’:30}), (7.9, cost’:2, capacity’:40}),
(8,10, { cost "4, "capacity 240} ), (8,11, { cost 21, "capacity 10} ), (8,12, { 'cost ":3, "capacity " :301),
(9,8, { cost "=1, capacity " :10}),(9,10, { "cost ":2, "capacity 22010, (9,11, {"cost " 22, "capacity 1401 ),
(9,12, { "cost " 22, "capacity 220} )]
G.add _nodes from(nodes) =
G.add edges fromiedges)
pos = {1:(0,2), 2:00,1), 3:01,3), 4: ( 1), &: EE 4) B:(2,2), 7:(2,0), 3
B:03,3), 9:03,1), 10:04,4), 11:04,2.5), 12:(4,1)} # SSO{TEEESRT o
7
edege labels = nx.zet edze attributes(G, "cost’) 1

3
~

for (0,00 in Geedges():

edze_labels[i,j] = striG.adi[i][j][ cost " ])+ " +striG.adj [i][i][ capacity’])

2 —2550—+4

N

oz

10
Ve
n.\b‘g
e
B W ‘L’"l\
N\ m
o v/
= f&p\\\
9 — 22012

nx.draw_networks nodes(G, pos, node color="cvan™) # 8@ : &, SD{UE, SO,
ny.draw_networkyx labels(G, pos) # i@ o= L
nx.draw_networks edges(G, pos) f 1EE : =
nx.draw_networkx edge labels(G, pos, edze labels) § @8 : HDEA(DD F/FEL

plt.showi)
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— MCFO)‘E h2 (FE1E)

) E=CHINT

ﬁ'ftlimﬁﬁbfﬁﬁb\fb\%ﬁfﬁ, NetworkX

@ min_cost_flow(G,...

=1

E b

from mip.model import *

I.J = [1,[]
for Ci,J) in G.edges():
I.append(i), J.appendij)

_i::k] == h[k]

B

0.0
20.0
20.0
40.0
40.0
10.0
30.0
0.0
10.0
0.0
20.0
0.0
0.0
15.
1.
25.
20.
35.
5.0

b = nx.zet_node attributes(G, 'ds’)
m = Wodel (“mcfex!™) § ETILDEETE (B -EHif158)
% = [[m.add var(var type="C", |b=0) for j in J] for i in I] # EHTE : &) ERHGGER)
m-ohiective = minimize (xsun (Goadi [i1[i 10 cost "] * [i10J] for (i) in G.edees())) # HERSE: :
for k in G.nodes():
mo+= wsum(x[i100] for (i.0) in Geedges() if i==k) - wsumx[il[J] for (i,)) in G.edges() if
for (i,j) in G.edges(): ER=ET
m+= w[i100] <= Guadi[i]1[i] [ capacity’] # FF)2 : Ei% B C-TE H%} i %:
W f o
nontinize() # EE(L CGRED DT AR
¥x[3,5]=
if m.status.value==0: # L., EoEFRE - 72705 x[ 3, 6] §
nef = [] B BT REAR) O ) 2 TR R
print (TEIERE:T) i AR T L5 B -
for (i,j) in G.edges(): x[5,81]-=
if x[i][i].x » 0O: w6, 8] =
print 07 x[7,0,7,7, 0,7 = 7 x[i ]l ].x) i% ?’ S %2
mcf.append ((i,i)) § & RGO 2 IS [ 8 107 =
print ("EIE{E: ", m.objective value, =7, m.ohjective) § BEIHEFE{E*FT ¥[8, 11]=
alse: B HL, Bl RESG 2T s «[ 8,12 ] =
print (7 error: EEARITREY FRATLR) § I5—A o B—VERT SRR
[ 3 ,12]=
EiE{E: 1055.0 =

<#ER>

1
I
1
1
1

+ 2.0var (24) + 3.0var (20) +
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GR = G.copyl)

GR.add edges fromimef, color="hlue’)
ecol _dict = nx.zet_edze attributes(GR,
ecol = [ecal dict[p] if p in ecol dict else

‘color’)

for (i,i) in GR.edges():
GR.adj [i][i1["capacity™] = =[i][i].x
edze_lahels = nx.zet _edeze attributes(GR,

.draw_networkx_nodes (GR, pos, node_color="cvan’)
draw_networkx labels(GR, pos)

nx.draw_networks edges(GR, pos, edege color=ecol)
nx.draw_networks edege labels(GR, pos, edeze labels)
plt.showi)

N
M

f B BRAOETFRIC
f HOBBEMERF

‘capacity’)

"lightgray’ for p in G.edges()] # & EHALIAOFE TR

Objective Value:
2:30+3-20+...=1055

=
/@9
3\
O 0,
1/ g
7”33-
<0 O
‘0 D
2 — 40.0 —» d/
\&%

00
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v3d—)L@Ei=t[ZDWT,  b~-1
VENLS D EI[ZDLT, b=0
VETORG)DAEE U, =00

Y

B 75 %% [ 2B

R/NERARBEEOERLICEVLWTUTOEEZT NIXRL
VAZ—L,Ri=s [TDULVT, b= Xf=Zepxy Tox,
VIA—I)LRi=t IZDWT, b~ xCOREHHTE EIERT)
VENLSNDRIIZTDLNT, b~0
VAZ—bRMo D (s)DARL ¢ ~1
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Y ENLUSN D) DARE oo KGR
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SEE [HgFetEE] BRBEE (1987)

BE - 5% - A2 &8kl SKEE (1994)
AATAAA - AMIERN [H#@Mbik] HIZHAR (2002)
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